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PREFACE TO THE THIRD EDITION. 



This edition of the Treatise on Statics differs so 
little from the last as scarcely to require a separate 
notice. A few Articles have heen added, on the pressure 
which a rigid hody is made to exert on a fixed point 
or axis of support hy the action of forces when there is 
equilibrium. These will be found useful in those 
Problems of Dynamics wherein it is required to find 
the pressure which a rigid body in motion, under the 
influence of any forces, exerts on a fixed point or axis. 
Indeed, it is chiefly with a view to this application 
of them that the articles alluded to have been intro- 
duced into this edition of the Statics. 

The collection of Problems for practice given at 
the end of the Treatise has been considerably enlarged, 
chiefly by the addition of Examples of an elementary 
character. In the selection of them care has been 
taken to choose such as illustrate Statical Principles 
under every important variation of aspect, without 
impeding the student's progress through them by 
analytical and other difficulties foreign to the proper 
object of this Treatise. 

Gambbidoe, Feb. 1, 1846. 



y /» 



\. 



417218 



, \ 



i\ 



PREFACE TO THE SECOND EDITION. 



Though the general plan and arrangement of this 
edition of ihe tL« I Sutic .re Ue s«ne » in 
the former, in the details there/wiU be found, it is 
hoped; some important improvements. 

The fundamental proposition of > the science, — the 
Parallelogram of Forces, — I * have • proved after Du- 
chayla's method^ by reason of its simplicity; but I 
think it necessary here to inform the reader* that,' as 
that -method is inapplicable when the forces act upon 
a single particle^ of matter (as a particle of a fluid 
medium on the hypothesis of finite intervals), on ac- 
count of its assuming the transmissibility of the forces 
to other points than that on which they act, *I have, 
in an Appendix, given the proof which in the first 
edition was given in the text. The same objection, 
(and for the same reason) lies against the proof of the 
parallelogram of forces from the properties of the lever. 
This method, though allowable in the infancy of the 
science, can never be exclusively adopted in a treatise 
which professes to take a more 'philosophical view of 
the 'subject; for, were the transmissibility of force not 
true in fact, the law of the composition of forces acting 
on a point would still be true ; it is evident, therefore, 
that to make the truth of the former an essential step 
in the proof of the latter, is erroneous in principle. 



VI PREFACE. 



In the former edition, forces were considered as 
acting in any directions in space ; a mode of treatment 
of the subject which necessarily rendered the inves- 
tigations useless to such readers as had not studied 
Geometry of Three Dimensions^ In the present edi- 
tion this defect is remedied; and a chapter, in which 
the forces are supposed to act in a plane, is always 
made to precede the more. general investigations. At 
the end of Chapter IV. several propositions are proved 
which have hitherto been used in Elementiuy Books 
without proof. 

The fifth Chapter contains a new (and it is hoped 
a satisfactory) and complete proof of the Principle of 
Virtual Velocities, and its Converse. The proof given 
by Lagrange in his Mecanigue AncJytique, page 22, 
et seq., though highly ingenious, I regard as a fallacy ; 
and, if not fallacious, deficient in generality. 

In the last Chapter, I have endeavoured to set 
before the reader such problems as, without involving 
analytical difficulties, seemed best calculated to make 
him acquainted with the mode of applying all the 
most important principles of the science : and not un- 
frequently I have added remarks upon important steps 
with the view of pressing them more particularly upon 
the reader's attention. 



St John's College, jCambbidoe, 
:March 12, 1842. 
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A TREATISE ON DYNAMICa Third EdUian. 



STATICS. 



INTRODUCTION. 



DEFINITIONS AND PRELIMINARY NOTIONS. 

1. In the Science of Mechanics of which Statics 
forms a part, matter is considered as essentially possessing 
extension^ figure and impenetrability. The least conceivable 
portion of matter is called a particle. 

3. We conceive of matter that it can exist either in 
a state of rest^ or motion. If then matter, once at rest, 
pass into a state of motion, the change, not being essential 
to the existence or nature of matter, is of necessity ascribed 
to some agent, which, as to its nature, is essentially inde- 
pendent of the matter influenced. Whether this agent re- 
side in the matter influenced, or in external objects, or in 
both, are questions which can only be answered after ex- 
perimental investigation. This agent is called force ; and 
it will be perceived from this statement, that a force is 
judged of entirely by the effects which it produces: and 
hence, if in the same circumstances two forces produce equal 
efiects, we infer that the forces are equal. 

3. It is aaaumedf that the effect of two equal forces 
acting in concert, is double the effect of one of them ; three, 
treble; and so on. 

The reason of its being necessary to make this an as- 
sumption is, that in our ignorance of the nature of force, 
we are compelled to judge of it by the change which it 
produces in the state of rest or motion of matter ; and it 
is obvious, that we can no more judge that one such change 
B 



2 DEFINITIONS AND FRELIMINAEY NOTIONS. 

is twice as great as another, than we can affirm that one 
candle is twice as bright, or one substance twice as sweet, 
or one noise twice as loud as another. 

4. A force is considered as having magnitude and direc- 
tion^ and a point of application. When these three are 
known, the force is said to be known. From Art. 2, it will 
be seen that, by the magnitude of a force, we mean the 
degree of motion which it is capable of producing in matter 
previously at rest ; and by the direction of a force, we mean 
the direction in which a particle of matter, under the in- 
fluence of that force, jwould begin to move; and by the 
point of application of a force, we mean that particular par- 
ticle of a mass of matter on which the force immediately 
exerts its influence. 

5. If one particle of a rigid* mass of matter be acted 
upon by a force, it cannot obey the influence of the force 
without dragging with it the other matter with which it is 
connected; the motion therefore which it would receive, if 
free, is in some manner distributed among the whole mass 
of which it is a part. It is clear, therefore, that the sub- 
ject of which we are treating, naturally divides itself into 
two distinct parts, according as the forces act on a free par- 
ticle, or on a rigid body. 

6. With respect to the motion of a particle of matter, 
we conceive that it consists in the particle's being found to 
occupy different parts of space at successive instants, or epochs 
of time ; but with respect to the motion of a rigid body we 
conceive, 

(l) That as a whole it may occupy the same portion 
of space at successive epochs, while some of its parts indi- 
vidually occupy different parts of space in successive in- 
stants. 

. This is called rotatory motion. 



* We define a rigid body to be an assemblage of particles of matter, con< 
nected together in such a manner that their relative places never change. 
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(S) That as a whole it may occupy different parts of 
space at successive epochs, without having at the same tim6 
any rotatory motion. 

This is called a motion of translation. 

(S) That both these kinds of motion may exist to- 
gether in the same body. 

This is the most general kind of motion of which we 
can form a notion. 

7. From the preceding articles it will be perceived 
that we have taken motion as the characteristic effect of 
force. It will now be necessary to shew, that there exists 
another effect (and that more convenient for our present 
purpose) which may be taken as the measure or character- 
istic of force. 

If any portion of matter (a stone for instance) be held 
in the hand, it will be found to exert a pressure; and if 
the hand be suddenly removed, will fall. In its fall it 
may be caught, but the hand will again feel a pressure. 
This experiment informs us, that that which is the cause 
of motion, is likewise the cause of pressure. While the 
stone is held at rest, its continual tendency to fall is evi-^ 
denced by the pressure which is exerted on the hand ; 
hence, in all cases where motion is prevented, there is 
pressure. But further, the latter part of the experiment 
teaches us that, in all cases where motion is retarded, there 
is pressure. If when the stone is at rest, the hand exert 
a greater pressure upwards than is necessary to prevent it 
from falling, the stone will begin to move upwards. Hence 
we learn that pressure attends the production as well as the 
prevention and the destruction of motion. Thus it appears 
that pressure produces the same results as we have taken 
to be the characteristic effects of force. We may therefore 
take pressure as the measure of force, because both press- 
ure and motion are effects of the same cause. 

8. The Earth, in some unseen manner, exerts a press^ 
ure in a downwards direction upon all matter with which 

B 2 



4 DEFINITIONS AND PSELIMIXAKY NOTIONS. 

we are acquainted. This pressure it is which occasions 
the descent of falling bodies to the ground, and causes all 
bodies lying on the ground to press against it. More ac- 
curate experiments prove that every particle of matter, 
whether of metal, wood, earth, or of any other substance, 
is subject to this influence. And it can be shewn that the 
degree of this pressure exerted upon a given body never 
changes. Thus, let a spring AB have one end A firmly 
fixed in an immoveable block. Suspend a proposed sub- 
stance P from the other end jB, then the spring will 
be bent in the manner represented in fig. 1, the point B 
taking a position B^. If the experiment be again tried with 
the same body P after any interval of time, it will be 
found that the spring will be bent exactly as at first ; 
thus shewing that the Earth exerts an unvarying pressure 
upon every body. 

If the experiment be tried with the same spring and 
substance P at a place in another latitude, or on a hill, 
or in a pit, the bending of the spring is not found to be 
the same as before : but at the same place no variation is 
ever observed in the result* 

9. We may easily find other substances P', P", P"'.., 
each of which being suspended from B will bend the spring 
exactly as Pdoes« By suspending 2, 3, 4,... of these bodies 
at a time, and marking the spaces through which the spring 
is bent in each case, we may form a graduated scale, by 
means of which we can ascertain exactly the degree of 
pressure which the Earth exerts upon any proposed body 
whatever, as compared with the pressure which it exerts 
upon P. If this be done, it is usual to call the pressure 
on P the unit of pressure; and the pressure which is ex- 
erted upon another body, if it be W times the pressure on 
P, is said to be equal to W. 

10. The pressure W which the EcEvth exerts upon a 
body, when measured in the manner just described, is called 
the weight of the body. How great soever be the pressure 
which any other force exerts upon a body, we can always 
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find (hypothetically at least) so many bodies P, P^, P", P"'... 
that the Earth shall exert upon them, taken all together, 
exactly as much pressure as the proposed force exerts upon 
the proposed body. Hence then, with the assumption in Art. 3, 
we perceive that every force may be measured, and there- 
fore represented, by a weight* 

11. To avoid circumlocution, when a body is prevented 
by an obstacle from moving, it is usual to say that the 
body exerts a pressure upon the obstacle, and that the obstacle 
exerts an equal pressure upon the body in the contrary direc- 
tion. The fact however is, that the body is completely 
passive; and the reason why it remains in a state of rest 
is, that it is under the influence of two equal pressures 
exerted on it in opposite directions. By the same licence, 
if a body, which is under the influence of the Earth^s action, 
be suspended by a string, it is often said that the string 
exerts a force or pressure upon the body ; the fact however 
in this case is, that the string by being attached to the body, 
becomes a part of the body ; and the whole remains in a 
state of rest, for the same reason as before. Hence it will 
be seen that, in the experiment described in Art. 8, the spring 
exerts a force equal to that exerted by the Earth upon P, 
though in the contrary direction. And hence we say, when 
two bodies are pressed together, that they act and react upon 
each other with equal forces. 

12. It is sufficiently evident, that two equal pressures, 
acting in opposite directions upon the same point of a body, 
counteract each other : but it is conceivable that if several 
pressures be applied to a body, even though they be not 
two and two in opposite directions, nor all applied to the 
same point of the body, they may counteract each other. 
The science which teaches the relations necessarily existing 
between the magnitudes of forces, their directions^ and their 
points of application^ when they exactly counteract each 
other, is called Statics. 

13. If several forces acting upon a body counteract each 
other, the body is said to be in equilibrium : and the forces 
are said to balance each other. 



b DEFINITIONS AND FSELIMINART NOTIONS. 

14. If several forces acting upon a free particle do not 
balance each other, the particle will begin to move in some 
direction in a certain manner. It may be prevented from 
so moving by applying a proper force in the opposite direc- 
tion to that in which there is a tendency to motion. This 
new force exactly counteracts the whole system of forces : 
but it might be itself counteracted by a single force equal 
to itself and acting in a contrary direction. A single force 
satisfying these conditions would be exactly equivalent to the 
whole of the original system of forces; and it is therefore 
called their resultant. 

16. We thus learn that several forces, if they act upon 
a free particle, may be replaced by one force ; and the con- 
verse is evidently true, viz., that one force may be replaced by 
a system of several forces. When one force is replaced by 
a system of several forces, they are called its components. 

16. By reference to Art. 6, we see that the motions 
which a rigid body may take are of two distinct kinds : and 
therefore the reasoning just stated respecting a free particle 
does not apply to rigid bodies. We shall hereafter shew 
that, corresponding to the three cases stated in the Article 
referred to^ a system of forces acting on a rigid body may 
have 

(1) A resultant for rotation only, 

(2) A resultant for translation only, 

(3) Two resultants, one for the rotation and one for 
the translation. 

17* It is evident from the explanations above given, 
that a system of forces, acting on a free particle, cannot 
have more than one resultant : but we have just seen that 
the same is not necessarily true when they act on a rigid 
body. It is always true, however, that the same force may 
have different systems of components. 

18. If a particle, or a rigid body, be in equilibrium 
under the action of several forces, we may add to the 
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DEFINITIONS AND PRELIMINAUY NOTIONS. ^ 

system, or take away from it, any set of forces which balance 
each other. 

This principle is- called the ^'superposition of equili- 
brium," and we shall hereafter have frequent instances of 
its utility. 

19. It follows at once from this, that when a body 
is in equilibrium under the action of a system of forces, 
they may be all increased, or all diminished in any pro- 
portion, without affecting the equilibrium. 

20. It scarcely needs remarking, that if a set of forces 
balance each other, any one of them is equal to, and acts 
in an opposite direction to, the resultant of all the rest. 

21. It is proved by experiment, that when a rigid 
body is in equilibrium, any point (of the body) in the line 
of the direction in which a force acts, may be taken for 
the point of application of the force, without affecting the 
equilibrium. 

22. If a system of unbalancing forces acts upon the 
same point of a rigid body, they will have the same re- 
sultant as if they acted upon a free particle. 



CHAPTER I. 

ON FORCES WHICH ACT IN ONE PLANE UPON A PARTICLE, OR UPON THE 

SAME POINT OF A RIGID BODY. 



23. To find the resultant of several forces actings in 
the same line, upon the same point of a rigid body. 

If all the forces act in the same direction along the line; 
they will produce the same effect as a single force equal to 
their sum. 

If some act in one direction and some in the opposite 
direction, then by the first case the resultant of each set 
will be equal to the sum of the forces of which it is com- 
posed : and these two resultants, acting in opposite directions, 
will be equivalent to a single resultant equal to their dif- 
ference. Hence then whether the original forces act in the 
same or in opposite directions, their resultant is equal to their 
algebraic sum. 

In forming this sum, we are to account those forces posi- 
tive which act in one direction, and those negative which act 
in the opposite direction ; and the algebraic sign of the sum so 
formed will shew in what direction the resultant acts. 

24. CoR. If a number of forces act in the same line 
upon the same point of a rigid body, they will be in equi- 
librium when their algebraic sum is equal to zero, for in 
that case their resultant vanishes, and they produce no effect. 
Hence the condition of equilibrium of any number of forces 
acting in the same line and upon the same point of a rigid 
body is that their sum shall be equal to zero. 

25. Def. Lines are said to represent forces in mag- 
nitude and direction, when they are drawn parallel to the 
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directions iii which the forces act, and have their lengths pro- 
portional to the magnitudes of the forces. 

26. If from a point two lines be drawn representing 
two forces which act upon a point ; and if upon these lines 
a parallelogram be constituted^ the diagonal drawn from 
the same point will represent the resultant of the two 
forces. This property is usually cited as " the parallelogram 
of forces.'* 

We shall first prove that the diagonal represents the 
direction of the resultant force. This part of the proposi- 
tion is evidently true when the two given forces are equal ; 
Jet us assume that p^ q and r are three forces, such that 
this is true for p and q ; and also for p and r. At the point 
A apply p in the direction AB : and q^ r, both in the direction 
AD. Take AB^ AC^ CD to represent the respective mag- 
nitudes of these forces. Complete the parallelograms, and 
draw the diagonals as in fig. 2. The resultant of p and q 
acts in the direction AEy by hypothesis; and we may by 
Art. 21, suppose it to act at £; and we may there resolve 
it into its original components p and q\ the latter acting 
in the line EF^ and the former in the line CE produced; 
this we may suppose by Art. 21 to act at C, and the former at 
jP; also the force r may be supposed to act at C We have 
now two forces jp, r at C represented by the lines CjB, CD ; 
their resultant by hypothesis acts in the line CF^ and therefore 
we may suppose at F. The three forces p, ^, r, which 
originally acted at A^ are by this process reduced to forces 
acting at F. F is therefore in the line in which their re- 
sultant acts when they are applied at A^ (Art. 21.) Now AD^ 
ABf represent two forces g + r and p ; and we have just shewn 
that their resultant acts in the direction of the diagonal AF. 
If then our proposition be true for the two forces p, q ; and 
also for the two forces p, r; it is also true for the forces 
p and q -^ r. Now it is true when p, q, r are all equal ; 
and hence it is true for p and 2jp : and because it is true 
for Pf p ; and also for p, 2p ; therefore it is true for p, 3jp ;,.. 
and by following the same mode of reasoning it is true for p 
and mpf m being any whole number. 
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Again, because it is true for mp and p, and also for mp 
and p ; therefore it is true for mp and 2p ; and as before 
for mp and np^ n being an integer. Hence our proposition 
respecting the direction of the resultant is true for any two 
commensurable forces mp, np, 

I If the proposed forces P, Q be incommensurable, by taking 
p extremely small and the integers m^ n correspondingly large, 
we can make mp diiFer from P, and np from Q by less than 
any quantities which can be assigned ; and we may then use 
mp and np^ instead of P and Q, without any sensible error ; 
and therefore the proposition is true of P and Q. 

We shall now prove that the diagonal represents the mag^ 
nitude of the resultant force. 

Let ACi AB (fig. 3) represent the magnitudes and 
directions of two forces acting on a point. Complete the 
parallelogram : its diagonal AE represents the direction of 
the resultant ; and it also represents its magnitude. For in 
EA produced take AF to represent its magnitude ; then AB^ 
AC J AF represent three forces which balance each other: 
wherefore completing the parallelogram AFGB, its diagonal 
AG represents the direction of the resultant of AFy AB, and 
is consequently in the same line with AC (Art. 20). Hence 
AGBE is a parallelogram, and therefore AE = GB « AF ; 
that is, AE represents the magnitude of the resultant of AB, 
AC. 

27. If three forces acting on a point are represented 
by the sides of a triangle taken in order, they will balance 
each other. And conversely ; If three lines, forming a tri- 
angle, be parallel to the directions of three forces which, 
acting on a point, balance each other, the sides of the triangle 
taken in order will represent the forces. 

For let AB, BE, EA (fig. 3) represent the forces P, Q, R 
which act on a point. Complete the parallelogram BC ; then 
because JC is drawn parallel and equal to BE, it also repre- 
sents the force Q, Hence the resultant of P and Q is repre- 
sented by AE ; which being equal, and in a contrary direction, 
to EA which represents R^ there is equilibrium. 
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Conversely, let the three forces P, Q, R, acting on a 
point balance each other: and suppose ABE (fig. 4) to be 
the triangle whose sides are respectively parallel to the direc- 
tions in which P, Q, R act. Two, at least, {AB^ BE suppose) 
represent the directions of the corresponding forces; and we 
are at liberty to suppose that one of these (AB suppose) 
represents also the magnitude of its force P: if BE do not 
represent the magnitude of the other force Q, take BE^ to 
represent it, and join AE*. Then (by the former case) P, Q 
and a force represented by E^A will balance each other. 
But P, Q, R balance each other ; and therefore R is repre- 
sented by E^A both in magnitude and direction ; which is 
impossible (because EA represents R in direction by hypo- 
thesis) unless E' coincide with E, Therefore E' does coincide 
with JB, and therefore the forces are represented by ABj BF 
EAy which are the sides of the triangle taken in order. 

28. If three forces^ acting upon a pointy balance each 
other y their directions lie in a plane ; and their magnitudes 
are respectively proportional to the sine of the angle between 
the directions in which the other two act. 

Let the forces be P, Q, R (fig. 5) acting in the directions 
OA, OB, OC. In OA, OB, take points A, B, such that 
OA, OB represent the magnitudes as well as the directions 
of P, Q. Complete the parallelogram AOBD, and join OD. 
Then three forces represented by OA, AD, DO, acting on 
a point will balance each other (Art. 27) ; that is, P, Q 
and a force represented by DO balance each other; but P, 
Q, R balance each other ; therefore R is represented by DO : 
and consequently DOC is a straight line, and OA, OB, OC 
lie in the same plane. Also 

P : Q I R :: OA I AD '. DO 

:: sin ODA : sin DOA : sin OAD 
:: sin DOB : sin AOC : sin PAD 
:: sin QOR : sin POR : sin POQ, 

or, -: — TTpr^ = —. — :prx^ = -: — ^rrrx • Therefore, &c 
sin QOR sin POR sin POQ ' 
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29. Two forces act upon the same point in directions 
at right angles to each other, to find their resultant. 
(fig. 5»). 

Let the forces be JT, F acting upon the point O in the 
directions Oa?, Oy. Take Oilf, ON to represent the forces ; 
complete the rectangle OMPNy and draw the diagonal OP. 
This line by Art. 26 represents the resultant of X and K 
Let R be the resultant, and Q the angle POM which its 
direction makes with the direction of the force X. 

Now 0J^= OM^^MP"; 

.'. JJ" « X*+ F», 

which determines the value of R : and then the equation 

^ MP r 

tan = = — 

OM X 

determines the value of 0. 

30. Cor. If a force R be given and it be required 
to resolve it into two components acting in directions at 
right angles to each other, we must employ the equations 

X^Rcos0, and F«J?sin0, 

which are derived from the equations 

Oilf « OP cos 0, and MP = OP. sin 0. 

3L Any number of forces act upon a point in given 
directions in a plane ; to find their resultant. 

Let Fly jF'g, Fs...Fn be the forces, and O (see fig. of 
Art. 29) the point upon which they act. In the plane in 
which are the lines in which the forces act, draw any two 
lines Oxy Oy at right angles to each other; and denote by 
«!> 025 a8-..a» the angles which the directions of Fi, F^y 
Fi...Fn respectively make with Ox. 

Then the components of these forces are respectively 

l^iCosai9 J^^cosag, F^^osai^»»..»F^cosan 
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in the direction Oit; and 

JFisinap jPgSinojj, /"gSiaog F^sina. 

in the direction Oy* 

Let us replace (see Art. 15) the original forces by these 
two sets of components. These components are respectively 
equivalent to two forces acting in the lines Oa?, Oy (Art. 23), 
and being equal to 

F^ cos Ci + F^ cos Cg + jFg cos Cj + •.. + F^ cos a^, 
and F^ sin a^ + F^ sin a% + F^ sin 03 + •.. + JF^ sin a.. 

Let i? be the resultant of the original forces, and sup- 
pose that is the angle which the line in ^hich it acts makes 
with Oic. Then since R is equivalent to the original forces, 
it is also equivalent to the two components of them which 
have just been found : hence 

R cos 9 - Fi cos Cj + F^ cos a^+ ... + F^ cos a;,, 

and R sinO ^ F^ sin aj + J'g sin o^ + ... + F^ sin a„. 

From which two equations both R and Q may be found. 

Remark. The sum of a number of quantities of the 
same form is often, for brevity, represented by prefixing the 
symbol 2 to a term representing the general form. Upon 
this principle the above equations may be written thus : 

22 cos as 2 (F cos a), or 2 . -F cos a, 
and i? sin = 2 (F sin a), or 2 . jF sin a ; 

.% -R* = (2 . F cos aY + (2 . F sin a)\ 

2. jPsina 



and tan 6 » 



2-jPco8a* 



32. To find the conditions of equilibrium of a point 
acted on by forces in any directions in a plane. 

Let Fi^ Fi...F^ be the forces; a^, a^.^.a^ the angles 
which their directions make with a line Oa?; then, proceed- 
ing as in the last article, we have the equations there found 
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for the determination of their resultant. But because they 
balance each other by hypothesis, they have no resultant, 
and therefore 

« (2 . Fcos ay + (2 . Fsin a)'. 

But as the right-hand member consists of two terms which, 
being squares, are essentially positive, their sum cannot be 
equal to unless each be separately equal to ; 

.'. 0s2.^cosa, and Oe2. J^sin a. 

If the investigation in Art. 31 be examined, it will be 
seen that the line Os was taken in any direction in the 
plane of the forces; and hence we may state the significa- 
tion of the two equations just found, as follows. 

If any number of forces act upon a point, that there 
may be equilibrium. 

The sums of the components of the forces parallel to 
any two lines, at right angles to each other, in the plane of 
the forces must be separately equal to zero. 

The converse is evidently true also. 

No other condition is necessary for equilibrium, for if 
2 . F cos a = 0, and 2 . -F sin a = 0, it follows inevitably that 
i? = 0, and therefore there is equilibrium. 



CHAPTER 11. 



ON FORCES WHICH ACT UPON A PARTICLE, OR UPON THE 
SAME POINT OF A 1 
NOT IN ONE PLANE. 



SAME POINT OF A RIGID BODY, IN ANY DIRECTIONS 



33. If three forces acting upon the same point he 
respectively represented by the three edges of a parattelo- 
piped which meet, the diagonal of the parallelopiped drawn 
from that point to the opposite corner will represent their 
resultant. 

For let OJ, OB, OC (fig. 6) be the edges which repre- 
sent the three forces, and OE the diagonal of the parallele- 
piped: draw 02>, CE. 

Then because OJ, OB represent two forces, OD repre- 
sents a force which is equivalent to them both (Art. 26) : 
hence the three forces represented by OA, OB, OC are 
equivalent to the two represented by OD, OC, which again 
are equivalent to the single force represented by OE, for 
CD is a parallelogram. 

34. Three forces act upon a point in directions which 
are at right angles to each other ; to find their resultant. 

Let X, Y, Z be the forces, acting upon the point O 
(fig. 7) in the lines Ow, Oy, Ox which make right angles 
YOZ, XOY, ZOX with each other. From O set off OL, 
OM, ON to r^resent the forces. Complete the parallelo- 
grams OMQL, OQPN, and join OP ; this line, by the last 
Art., represents the resultant required. 

Let JB denote the resultant, and a, fi, y the angles PO<r, 
POy, POx which its direction makes with the directions of 
the given forces. 
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Then because ON « OP . cos 7 ; 

.'. Z«=jRcos7 1 
Similarly F«i? cos /3 [...(A); 
and JIT = J? cos a ^ 

.-. JT* + r* + Z^ « -R* (cos*tt + co8«)3 + cos«7) 

fou qm 0N^ \ 

^ \0P' "*■ OP "*■ OP") 

This equation gives the value of jR, and then the three 
equations marked (A) give the angles a, /3, 7, which fix the 
line in which R acts« 

Bemabk. The reader will observe that 

cos'a + cos*/3 + cos*7 = 1. 

35. Cob. If a force R be given, and it be required 
to resolve it into three components, whose directions are at 
right angles to each other, we must employ the equations 
marked (A). 

36. Any number of forces act in given directions upon 
a point ; to find their resultant. 

Let (fig. 7) be the point upon which the given forces 
Fii jFg, Fz ...Fn act; from O draw three lines Ow^ Oy^ Oz, 
arbitrarily taken, at right angles to each other ; and denote 
l>y ai/3i7i, 02^2725 03/3373... a«/3„7„, the angles which 
the directions of the forces make with these three fixed 
lines* 

The respective components of the given forces are 
Fi cos ai 9 F2 cos 02, ... JP« cos a», 
in the direction 0<2?; 



1 
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JPl COS j3, , F^ COS j32, ... -F„ COS /3„ , 

in the direction Oy\ and 

Fx cos 7i, jPg cos 72 J ... /^« cos 7„, 
in the direction 0%. 

Replace now the original forqes by these three sets of 
components ; each set is reduced to one force by Art. 23 ; 
and we then have three forces 

2 . J" cos a, 2 . F cos j3, 2 . jP cos 7, 

acting in the lines 0<r, Oy, 0%. 

Let R be the resultant required, and a', j3', 7' the angles- 
which the line in which it acts makes with Ow^ Oy^ Ox. 
Then since R is equivalent to the original forces, it is also 
equivalent to the three components of them which have just 
been found ; hence 

JZ cos a =a 2 . F cos a 

5 cos/3' « 2 . Fcos /3 \ ... (A) ; 

i? cos 7' = 2 . F cos 7. 

.-. JZ^ = (2 . jPcos a)* + (2 . Fcos j3)*+ (2. Fcos yf 

This equation gives the value of R ; and then the equa- 
tions (A) will give a, j3', 7', which fix the direction in which 
R acts. 

37. To find the equations of the line in which the 
resultant acts. 

Suppose OP (fig. 7) the line in which the resultant acts ; 
and let a?, y, z be the co-ordinates of any point P in it. 

Then if OP be taken to represent R, the co-ordinates 
will represent the components, and therefore by Art. 25, 

X V « 



2.JPcosa 2.jPcos/3 2.FCOS7" 

which are the equations required. 
C 
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If the point at which the forces act be not the origin 
of co-ordinates, let its co-ordinates be a^ b^ ci then since 
the line whose equations are required passes through this 
point, 

w -- a y ^h jr— c 

^ . F cos a 2 . jP cos /3 2 . -F cos y 

are the equations of it in this case. 

38. To find the conditions that the system of forces 
in Art. 36 may balance each other. 

It is evident that there cannot be equilibrium among the 

forces Fii Fi^Fs iF,, unless their resultant be evanescent, 

and therefore we must have 

« (2 . F cos ay + (^2 . -Fcos fiY + (2 . Fcos 7)% 

which for a reason similar to that assigned in Art. 32 resolves 
itself into the three independent conditions 

= 2 . J' cos a, = 2 . Fcos /3, ■ 2 . J' cos 7. 

Or, in words, (remembering that the positions of Oa, Oy, 
0% were arbitrarily chosen) 

The sum of the components of the given forces parallel 
respectively to any three lines at right angles to each other 
must separately be equal to xero. 



CHAPTER III. 



ON FORCES WHICH ACT IN OK£ PLANE B0T NOT UPON THE 

SAME POINT OF A RIGID BODY. 



THE THEORY OF COUPLES. 

39* Remark. It has been stated in Art. 21, that the 
effect of a force is not altered by supposing it to be trans- 
ferred from one point of the body in the line of the direction 
of its action to another: from this it follows that if the 
directions of the forces which act at different points of a 
rigid body, all pass through a point, we may fictitiously 
transfer them to that point, and then by the preceding 
Chapters find their resultant, which in its turn we may 
transfer to any convenient point of the rigid body which 
happens to lie in the line of its direction. It is obvious, that 
when any two forces in the same plane act upon a rigid 
body at different points, their directions unless parallel being 
produced will meet, and therefore after the statement just 
made it will not be necessary to include the consideration of 
two non-parallel forces in the present Chapter, we shall there- 
fore begin with the following. 

40. Two forces act in parallel directions upon different^ 
points of a rigid body, to find their resultant. 

Case I. Let jP, F^ be the two forces, and let us, first, 
suppose them to act in the same direction. 

Let Ay B (fig. 8) be any two points of the rigid body 
in the lines of direction of the respective forces : join J, B; 
at these points in opposite directions along the line AB apply 
any two equal forces /, f. These being in equilibrium 
produce no effect. 

C2 
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Now F and / (by Art. 26) and F and f will have re- 
sultants (m, n suppose) acting in certain directions Am^ Bn 
within the angles FAf^ and FBf : these lines being produced 
will meet in some point P to which let m, n be transferred : 
and let them there be resolved into their original components ; 
viz., m into /and F^ acting at P in the directions Pf and 
PjR; {PR being drawn parallel to AF)\ and n into f and 
F' acting at P in the directions Pf and PjR, which is also 
parallel to BF. The forces / and f at P being in equi- 
librium may be removed, and there remain the original forces 
P, P' both acting at P along the line PR parallel to their 
direction at A and B. Hence the resultant of P and F 
is a force, equal to their sum F •\- F'^ acting at any point 
in the line PR ; the position of which we find as follows. 

Let PR cut AB in Q. Then because m is the resultant 
of P and /, a force equal to m applied at A in the direction 
AP would keep the two forces P, / in equilibrium ; and 
the three being parallel to the sides of the triangle APQ 
taken in order, are proportional to those sides (Art. 27). 

.\F:f :: PQ z AQ 
Similarly / : F:: BQ : PQ 

.-. P : Fi: BQ : AQ; •."/ = /• 

Consequently Q divides AB into two parts which are in- 
versely proportional to the forces adjacent to which they lie. 

41. Case 2. Let us now suppose the two forces P, P' 
to act in contrary directions, as in fig. 9, and that they are 
unequal, P being the greater. 

The forces / and f being introduced as before, we re- 
mark that since P is greater than F" the directions of the 
forces m and / will make a greater angle with each other, 
than the angle which is contained between the directions of 
n and jT; that is, the zfAm is greater than ifBn^ or 
ABP^ Consequently the lines wJS, Am being produced 
will meet on the side towards the greater force P, as is 
represented in the figure. From this point proceeding as in 
the former case we find that the forces P, P', preserving their 
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proper directions, may be removed to the point P. Hence 
their resultant R is equal to jP - jF', the algebraic sum of 
the forces, and acts in the direction of the greater force. 
The word sum is used in the statement of this result, be- 
cause P being assumed positive, i^ acting in the contrary 
direction must be accounted a negative force. (See Art. 28). 

The position of the point Q is found as before from the 
proportion 

F : F :: BQ : JQ^ 

and it is to be noticed particularly that Q lies in BA pro^ 
duced; and is situated nearer to J, (the point of applica- 
tion of the greater force), than to B. 

42. Case 3. Let us lastly suppose the two forces F, F' 
acting in contrary directions, to be equal. 

In this case the angles f Am, ABP are equal; and con- 
sequently the lines Am, nB are parallel, and there is no 
point of concourse. It would appear then, that the former 
mode of finding the resultant of F and F' fails entirely in 
this case. The present case may, however, be considered 
the ultimate state of Case 2, at which we arrive by sup- 
posing the magnitude of F^ to approach continually nearer 
to that of F, until at length their diiference becomes less 
than any assignable quantity. Let us then reconsider Case 2. 
We have found 

R^F^F, 
and F \ F :: BQ : AQ; 
^^ F.AB 

or R.BQ^F.AB. 

Hence, we see that as F' increases, the point Q moves^^ 
continually farther from^ B, and BQ becomes infinite in the 
ultimate state; and at the same time the resultant R di- 
minishes in such a manner that the product R . BQ never 
changes, and becomes zero in the limit. Hence, in the ulti- 
mate state, that is, when F differs from F by less than 
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any assignable quantity, we have a resultant zero acting at 
a point infinitely distant from J or B; yet even then the 
product R . BQ remains finite, which apart from any other 
consideration would induce us to conjecture, that some finite 
effect is due to the action of F and J^' in this case, aU 
though not such an one as can be represented by a single force. 

Upon these grounds we conclude, that a system of two 
equal forces acting in contrary directions on different points 
of a rigid body is not reducible to a single resultant. 

43. Defs. Such a system of two equal forces acting 
in opposite directions but not in the same straight line, is 
denominated a couple. A plane which passes through the 
two lines in which the forces of a couple act, is called the 
plane of the couple. 

When the line AB (fig. 9) is drawn at right angles to 
the directions of the forces of the couple, it is called the 
arm of the couple ; and the product F • AB is then called 
the moment of the couple. 

44. Remark. It is obvious from an examination of 
fig. 9, that one effect of a pair of forces, acting in contrary 
directions at different points of a rigid body, whether they 
be equal or unequal, is the communication of a rotatory 
motion (see Art. 6) to the body on which they act; what 
other effect they would produce is not so obvious, nor 
indeed does it belong to us, in treating of the present subject, 
to consider what is the effect of unbalanced forces in any 
case. For the satisfaction of the reader, however, and for 
convenience in what follows, it may be stated, that it is 
proved in Dynamics, that the sole effect of a couple is to 
communicate an angular motion about an axis perpendicular 
to the plane of the couple, the axis passing through a 
certain point in the body, called the centre of gravity. 

45. Def. If the forces of the couple act so as to tend 
to turn the body round in the direction of the motion of the 
hands of a watch, it is called a right-handed couple^ and more 
frequently a positive couple ; but if, as in fig. 9, the forces 
act so as to turn the body in the contrary direction, the 
couple is styled left-handed, or negative. 
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These terms, to prevent confusion, will be used in this 
book as here defined; but the reader will observe that, in 
Statics as in Algebra, the terms positive and negative are 
only relative, and may be applied, at discretion, to any 
two forces acting in contrary directions, or to any two 
couples which tend to communicate opposite angular mo- 
tions to the body on which they act. 

46. The reflecting reader will have remarked that a 
couple, though positive when viewed by a spectator looking 
at it from one position, appears negative to a spectator 
looking at it from a position on the other side of its plane. 
A couple is therefore positive or negative, according to the 
situation of the spectator, with respect to its plane. It 
will prevent confusion, if we call that face of the couplers 
plane the positive face, upon which the spectator looks 
when the couple appears to him to be positive : the other 
face of the plane must then be considered negative. 

47. Defs. a straight line, in length proportional to 
the moment of a couple, being drawn perpendicular to the 
plane of the couple, is called "/Ae aads of the couple*'*^ 

And it is said to be the positive^ or the negative accisy 
according as the perpendicular stands on the positive, or 
on the negative face of the couplers plane. 

If the axis of a couple is mentioned without it being 
stated whether it is positive or negative, we are to under- 
stand that the positive axis is alluded to. 

The angle between the planes of two couples is measured 
by the angle between their positive axes. 

48. The effect of a couple is not altered by turning 
its arm through any angle in the plane of the couple. 

Let F and F' be the equal forces of a couple acting 
at two points in the lines FA^ FB (fig. 10), and having 
the arm AB. From Ay any point in the line in which F 
acts, draw Aff = AB\ and at A^ B' in the plane of the 
couple F, J^, and in directions at right angles to AB" 
apply two pairs of opposite forces f^ gi f^ g\ each force 
being equal to F. These being in equilibrium, produce 
no effect. 
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Let B*g cut TB in the point C, and join AC. Then 
because AB *» AB^^ and AC is common to the triangles 
ABC^ ABC 9 and the lB^ lB!^ therefore AC bisects the 
angles BCB', BAff : hence the resultant of the two equal 
forces F'f g lies in ^C produced; and that of the equal 
forces F, g lies in CA produced. But, because AF is 
parallel to CF^ and Ag parallel to Cg\ therefore the 
/, FAg = Z F'Cg ; and consequently the resultant of the 
forces jP, g is equal to that of the forces F^ gi we have 
just proved also that they act in opposite directions ; there- 
fore, the four forces F^ g, F^, g balance each other, and 
may be removed. 

There is then left only the couple /, f^ which is the 
same as if the arm of the original couple had been turned 
through the z BAB!. 

49. The effect of a couple is not altered by removing 
it to any other part of the rigid body^ provided its new 
plane he parallel to its original plane, (fig. 11.) 

Let Fj F he R couple acting upon a rigid body in 
the plane HH\ let AB be its arm. Let KK be any 
other plane, in the rigid body, parallel to HH\ and in 
this plane draw the line a 6, parallel and equal to AB. 
At a and 6 ^ppiy pairs of opposite forces f g ^ fy g' ' 
each force being equal and parallel to the forces F, F'. 
These pairs of forces balance each other, and therefore pro- 
duce no effect. Draw Ab^ Ba; they, being in the plane 
which contains AB and a 6, necessarily intersect in some 
point C. In fact, if A, o, arid JB, b were joined, AabB 
would be a parallelogram, and therefore Ab^ Ba^ being its 
diagonals, bisect each other in C. Draw PCQ, parallel to 
AF. 

Then F : g^ :: bC : AC. 

Jlence F and g^ (by Art. 40) have a resultant F + g\ 
which acts at C in the line CP. Similarly it may be 
shewn, that F' and g have a resultant, F* + g acting at C 
in the line CQ. Now F + g ^ F' + g and CP is opposite to 
CQf therefore the four forces F, ^, F^^ g balance each 
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Other, and may be removed. There remains then only the 
couple /, y, which is the same as if the original couple 
had been removed into the new plane JTiT, retaining its 
arm ab parallel to AB; but we may now turn the arm ab 
through any angle without altering the effect of the couple* 
Hence the effect of a couple, &c. 

50. The effect of a couple is not altered by removing 
it to any other part of the rigid body in its own plane. 

The demonstration in the last Article will serve for this, 
using fig. 12 instead of fig. 11. 

51. J couple may be changed for any other couple 
acting upon the same rigid body, provided the moments 
of the two couples be equal, their planes parallel, and 
they be both of the same kind, i. e. both positive or both 
negative. 

Let Hff (fig. 11) be the plane of the couple F, F^ ; 
and in any other plane KK of the rigid body draw, parallel 
to AB, a line a 6 of any proposed length : at a, b apply 
pairs of equal and opposite forces f, g; f^ g'; of such mag- 
nitude that 

these balance each other, and therefore produce no effect. 

Now AB and ab being parallel, the lines Ab, Ba lie 
in one plane, and intersect in some point C: and because 
AB is parallel to ab, the /, CAB ^ ^Cba, and the ZCBA 
^Z.Cab\ consequently the two triangles ACB, bca are 
similar. 

Now F : g' :: ab : AB 

:: Cb: CA; 

therefore, by Art. 40, the resultant F + g^ o{ the two forces 
F, g acts at C in the direction CP. In a similar way it 
may be shewn that F' + g, the resultant of F', g, acts at C 
in the direction CQ. Now F — F' and g' ^ g, and therefore 
F •\- g' ^ F' •¥g\ consequently the four forces F, g, F, g are 



26 THE THEOSY OF COUPLES. 

in equilibrium, and may be removed; which being done, 
the original couple is replaced by the equivalent couple/, f 
whose arm is aft. This couple /, f may now be turned 
through any angle in the plane JTiT, and thus the proposition 
is established, 

52. Any number of couples act upon a rigid body in 
parallel planes ; to find their resultant. 

Change all the couples into others of the same mo- 
ment, but all having their arms of the length b. Then if 
Fi9 F29 F3...Fj^ be the forces; and Oi, Og? «3«*-«ii the arms 
of the original couples; and Pj, P2J Ps^.^.P^ the forces of 
the corresponding equivalent couples, we shall have 

P^b^Fiai^ Pzb^ F2a29...Pnb '^ F^a^. 

Now since the new couples act in parallel planes and 
have equal arms, they may be removed into the same plane, 
and then turned round and transposed so as to make all 
their equal arms exactly coincide ; in which position the 
system of couples is reduced to one couple, the arm of which 
is 6, and the forces of which are equal to 

Hence the moment of the resultant couple 

= Plflj + PgOg + PgCfg + ... + P„a„ 

t= the sum of the moments of the original couples. 

Whence, the moment of the resultant couple is equal to 
the sum of the moments of the original couples. 

The reader will be careful to remark, that if any of the 
couples are of a negative character, their moments are to be 
accounted negative in taking this sum. 

53. Cob. If all the n couples be equal, the moment 
of their resultant couple is n times the moment of one of 
them ; and as the effect of n equal couples must be n 
times the effect of one of them^ it follows that the moment 
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of a couple is a proper measure of its effect in producing 
or destroying equilibrium. Whenever, therefore, we have 
occasion to speak of the magnitude of a couple, we shall 
do so by stating its moment; thus, the couple G will 
signify the couple whose moment is G. It will lead to 
no inconvenience that the magnitude of the forces which 
compose the couple are not stated, seeing that the effects 
of ^1 couples of equal moments acting in the same plane, 
whatever be the magnitudes and directions of their forces, 
are the same. It will also be observed, that it is not 
necessary to state the precise plane in which a couple is 
situated; it will be sufficient to know its moment, and 
the position of some line to which its axis is parallel, 

54. It will be observed, that all equivalent couples 
have their axes equal and parallel. 

55. If from a point two straight lines be drawn parallel 
and equal to the axes of two couples, and upon them a 
parallelogram he described, the diagonal drawn from the 
same point will he parallel and equal to the awis of the 
resultant couple. 

As the planes (HOA, HOB, suppose) of the couples are 
not parallel, let them intersect in the line HO (fig. 13). 
Change the couples into two equivalent couples having their 
forces FF', ff all equal ; place these new couples so that 
one extremity of their arms OA, OB shall be at O, and the 
forces F, f which act there, shall act in the line OH^ as in 
the figure. Complete the parallelogram OADB, and draw 
the diagonals OD, AB, bisecting each other in C Then 
because F' and f are equal and act in the same direction, 
they are equivalent to a resultant P-^f acting at C (Art. 40) • 
But such a force at C would likewise be the resultant 
of the same forces jP', f acting at Z>, O. We may there- 
fore transpose F to X>, and f to O, which being done, 
f and f at O balancing may be removed; and there 
will only remain F at and jF" at 2>, forming a couple 
F, F* whose arm is OD, which is therefore the resultant 
of the two original couples. 



\ 
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Now the forces of the two component couples and of 
their resultant being equal, their axes which are proportional 
to their moments, are in this case proportional to their arms 
OAj OB, OD; we may therefore consider OAj OB, OD as 
being equal to the axes. If therefore from O in the plane 
OBAy we draw three lines respectively perpendicular and 
equal to OAy OBj OD, they will be the axes of the three 
couples, and will then take the same position as if the parallelo- 
gram OADB were turned through a right angle about the 
fixed line OH. This figure OADB so turned is the paral- 
lelogram stated in the enunciation of the proposition to possess 
the property which we have just proved belongs to it. 

56. Two couples act upon a rigid body in planes 
which are at right angles to each other ; to find their re- 
suit ant. 

From any point O, draw OA, OB 
equal and parallel to the axes of the 
two couples. Complete the rectangle 
OACBy and draw its diagonal OC. OC 
is equal and parallel to the axis of the 
resultant couple. 

Let L, M, G be the moments of the two component 
couples and of their resultant. 9 = COA the angle at which 
the axis of G is inclined to that of L. 

Then because OA = OC cos 0, and OB = OC sin ; 

.-. L '^ G cos Of and Jf = G sin 0, 

from which we find 

G^^V + M\ 

M 




and tan Q s 



i' 



which equations determine both the magnitude of the re- 
sultant couple, and the position of its axis. 

67- If it should be required to resolve a given couple 
whose moment is G into two components acting in planes 
at right angles to each other, we must use the equations 

L^Gcosd, M^G nine. 
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58. Any number of forces act in parallel directions in 
one plane at different points of a rigid body ; to find their 
resultant. 

Let -Fi, F2...Fn be the forces ; from any point O (fig. 14) 
of the rigid body, in the plane of the forces draw a line 
cutting their directions perpendicularly in the points A,B*.,H; 
and put 

OA = Wiy OB SB Wiy^.MH = .r,. 

At O apply two opposite forces each equal and parallel to F^ ; 
they do not affect the system. In the same way apply at 
Oa pair of forces for each of the remaining forces F^^ F^.^.F^* 
By this means we have n forces acting at in the direction 
OR J respectively equal to Fi^ Fz^.^.F^^; these are equiva- 
lent to a single force R acting at in the direction 0£, and 

R = Fi + F^ + • . • Fft » 2 . J^. 






We have, besides, n couples whose arms are ^i, w^.^.^v 
which are (by Art. 52) equivalent to a single couple R\ R!\ 
whose moment 

=3 Fi^i + F^x^ + ... + F^x^ 

Consequently the given system of forces is equivalent to a 
single force 2 . F acting at O in the direction OR ; and a 
negative couple whose moment is 2.F^. 

59. The result just obtained is perfectly general, but 
it admits of simplification except in the particular case when 
2 . F « 0. 

(1) In the particular case when 2 • i^ s o, there is no 
resultant force acting at O, and therefor^ the only resultant 
is the couple whose moment is 2 . Fx. 

(2) When S . i^ is not = 0, change the couple whose 
moment = 2 . Fx into an equivalent couple which has its 
forces equal to i? or 2 . JP, and place it so that its arm OK 
(fig. 14) shall coincide with the line OHy 

.'. (2 . jP) . OJT « 2. Fa? (Art. 50.) 
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By the arrangement the force R at O is balanced by one 
of the forces of our new couple; and these being removed^ 
there remains only the force iJ' = 2 • J^ at the point JT deter- 
mined by the equation 

:s,.F 

Consequently, except when 2.^=0, the resultant is a 
single force equal to 2 . F acting at the point just found. 

60. CoE. If the line OH instead of cutting the direc- 
tions of the forces at right angles, should cut them in an / a, 
we should have found that 

(1) When 2 . J* es 0, the resultant is a couple whose mo- 
ment is (2 . Fw) sin a : and 

(2) When 2 . JF is not. = o, the resultant is a single 
force 2 . F acting at the point determined by the same equa- 
tion as before, viz. 

2. Fa? 



OK^ 



2.jP 



61. Any number of parallel forces act in one plane 
at different points of a rigid body ; to find the conditions 
that they may balance each other. 

Let the system of forces be that of Art. 58 ; then we 
have to consider the two cases pointed out in the last Article. 
In the second case the resultant is the force 2 • F acting at 
K; and there cannot be equilibrium unless this force vanish, 
or 2 . JF « 0. But if this be- the case, the second case coincides 
with the first; and the resultant is a couple whose moment 
«a 2 . Fof : there cannot be equilibrium therefore unless this 
couple also vanish. Consequently the conditions of equili- 
brium are 

2.i^«0 and ^.Fw^O; 

these are both necessary and sufficient for equilibrium. They 
are necessary, for if the former only be satisfied, there will 
exist the couple of Case 1 : and if the latter only be satisfied, 
there will exist the resultant force acting at 0. And they 
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are sufficient, for they secure that there shall exist neither the 
resultant of Case 1, nor that of Case 2, 

62. Def. The products jPi^?,, J^g^gj .... F^w^ are called 
the moments of the forces F^, F29 ••••Fn about the point 0; 
they are also called the moments of the same forces about 
an axis passing through O at right angles to the plane of 
the forces. 

Hence remembering that the point O was arbitrarily 
chosen, the conditions of equilibrium of parallel forces may 
be thus enunciated in words:—- 

The algebraic sum of the forces^ and the sum of the 
moments of the forces about any point in the plane of the 
forces or about any awis perpendicular to the plane of the 
forces^ are each equal to zero. 

63. Suppose that there is in th^ plane of the forces 
a fixed pointy or in the body a fixed axis not parallel to the 
plane of the forces : to find the conditions of equilibrium. 

If there be a fixed point in the plane of the forces, let 
that point be taken for O ; or if there be . a : fixed axis it 
will cut the plane of the forces in a point, which take for 
O; then the investigations of Art. 58 apply here. The 
force 2 . F which acts at O, can produce no effect since it 
acts on an immoveable point ; it is not necessary therefore 
that 2 . J^ should be = 0. But the couple whose moment 
= 2 . Fxy if it exist, will turn the body about ; and there- 
fore that there may be equilibrium, it is necessary and suffi- 
cient that 

2.i^a?«0; 
or, in words, 

The sum of the moments of the forces about the fixed 
pointy or about that point where the fixed axis cuts the plane 
of the forces, must be equal to zero. 

Remark. T^ie pressure on the fixed point « 2 /^ which 
is the same as if every force were transposed to that point, 
without altering the direction in which it acts. 

64. Any number of forces act^ in one plane^ at dif- 
ferent points of a rigid body : to find their resultant. 
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Let Fif F29 ••••J^« be the forces, and in the plane in 
'which they act, from a point O arbitrarily chosen, draw 
any two lines Oxj Oy at right angles to each other. To 
these lines as co-ordinate axes refer the given forces and 
their points of application, (fig. 15.) 

Let ai, as •••• a,, be the inclinations of the lines in which 
the forces act to 0<r; ^1^1, oj^y^^ ••••^nVn ^^^ co-ordinates of 
the points of application of the forces; P being that of 
F^^ ^i« OJIf, yi^PM. From the point O draw OQ per- 
pendicular io Fi P \ and at O apply two opposite forces 
F'f F' each equal and parallel to F^. By this means we 
have a force F* acting at O, and a couple (F^F^) whose 
moment is equal to — jFi . OQ. Or we may say that the 
force J^i may be transposed to O without altering its di- 
rection, if at the same time we also apply to the body a 
couple whose moment 

« - Fi . OQ 
« - i^i . {ON - QN) 
« - Fi . (a?i cos MON - 9, sin MPQ) 
=a - jPi . (a?i sin tti — yi cos ai) 
« (F^ cos oi) • yj - (jPj sin a^) . ^i 
or ^X^yi" YiiViy 

if we put JTi Fj for the components of Fi parallel to the 
co-ordinate axes 0^, Oy. 

The same method being applied in succession to each 
one of the remaining forces of the system, we shall have trans- 
posed all the forces to O, each preserving its original direction; 
but there will be acting on the body besides them a number of 
couples whose moments ar^ 

'X'lyi - FicTi, X^yz - F2a?2 .... ^„yn - ^«^«- 

If G be the resultant of the couples, and R the resultant 
of the forces at O, we shall have 

G«S(Xy- Vai) ....Art 52, 



i 
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and jR« = (2 . Fcos a)* + (2 . F sin a)*.... Art. 81, 
- (2 . Jr)« + (2 . F)« 

being the inclination of the line in which R acts to Oo?. 

65. The result just obtained is perfectly general, but 
it can be simplified, being reducible to a single resultant, 
except when i? « 0, i.e. except when SJT « and 2F«= 0. 

(1) When 2-^=0 and 2F«:0, there is no resultant 
acting at O, and the only resultant is the couple whose 
moment «= (JCy - Fa?). 

(2) When the two equations SJCsO, and 2F«0 are 
not both satisfied, change the couple whose moment is 
2(jr^ — Yof) into an equivalent couple which has each of 
its forces R' R'' equal to R^ and place it so that one end 
of its arm OK (fig. 16) shall be at O, and one of its 
forces (iJ") exactly opposite to R, R and R'' balance 
each other and may be removed ; and there remains only 
the force R^ acting at the point T such that 

or. cos 0= 0K\ 
.\ R.OT .co^e^R.OKy 

or, since JZ cos© « 2^ (Art. 31), and R.OK^ 2(Jry - Yx), 

2(Xy-F^) 



OT 



^X 



Consequently in this case the resultant is a single force R 
acting at the point just found. 

66. When the forces are reducible to a single result- 
ant^ to find the equation of the line in which it acts. 

Let of y be the co-ordinates of any point in the line 
jR'JST (fig. 16) in which the resultant acts. Then because 
D 
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this line passes through the point T and, being parallel 
to ORy makes an angle d with the axis Ox^ its equation is 

or •/ ^(^y - ^^) 2^^ y 

or y'2^ - a?'2r= 2(Jry - Yw). 

67. -4«y nwmftcr of forces act in one plane at dif- 
ferent points of a rigid body; to find the conditions that 
they may balance each other. 

Let the system of forces be that of Art. 64, then we 
have to consider the two cases of Art. 65. In the second 
of these cases the resultant is the force R' (= R) acting at 
jT; there cannot be equilibrium unless this force vanish, 
or R^O. But if this be the case, the second case coincides 
with the first ; and the resultant is a couple whose moment 
«2(jry— Fa?); there cannot be equilibrium unless this 
couple also vanish. Consequently the conditions of equili- 
brium are 

2X=0, 2F=0, 2(Xy-r.r) = a 

These are both necessary and sufficient. 

By referring to Art. 64 we perceive that JT^y^ — F^<r^ is 
equal to the moment of F^ about the point O, consequently 
2(Xy — Yw) is equal to the sum of the moments of all the 
forces about O. If then we remember that the point O, and 
the directions of the axes 0<2?, Oy, were arbitrarily chosen 
in the plane of the forces, we may enunciate the conditions 
of equilibrium as follows: • 

The algebraic sums of the components of the forces 
po^rallel to any two lines at right angles to each other 
in the plane of the forces are each equal to ssero ; and 
the sum of the moments of all the forces about any point 
in the pUme of the forces^ or about any awis at right 
angles to the plane of the forces^ is also equal to zero. 
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68. Suppose that there is in the plane of the forces 
a fixed pointy or perpendicular to the plane of the forces ^ 
a fiwed ams ; to find the cmiditions of equilibrium. 

Let the fixed point, or the point where the fixed axis 
cuts the plane of the forces, be taken for the point O 
in the investigation of Art. 64. Then the force R which 
acts at O can produce no efiect since it acts on an im- 
moveable point, it is not necessary then that R should be 
equal to zero. But the couple whose moment is ^{Xy — F«i?), 
if it exist, will turn the body about O, and therefore that 
there may be equilibrium it is necessary and sufficient that 

There is therefore only one necessary condition of equili- 
brium, viz ; — 

That the sum of the moments of all the forces about the 
fixed point or ams should he equal to zero. 

Remark. When there is equilibrium, the pressure on 
the fixed point is due entirely to the force R which acts 
directly upon it. Hence the pressure on the fixed point is 
the same as if all the forces which act on the body were 
transposed to the fixed point without altering their direc- 
tions. 
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CHAPTER IV. 

ON FORCES, KOT IK ONE PLANE, WHICH ACT UPON 
DIFFEBENT POINTS OF A RIGID BODY. 



69* If the directions of the forces all pass through a 
point we may transfer them to that point, and find their 
resultant by Chapter I. or II. 

70. In the present Chapter we shall meet with couples 
of which the planes are not parallel. We can however always 
reduce them to other couples in the planes of rectangular 
co-ordinates. It is necessary therefore only to observe that 
when a couple acts in a co-ordinate plane, it will be con- 
sidered a positive couple when its axis stands on the positive 
side of that plane. Thus a positive couple 

in the plane yz has its axis coinciding with •\- Ox^ 

aiz + Oy, 

(vy + Oz. 

71 • Parallel forces not in one plane act on different 
points of a rigid body ; to find their resultant. 

Take any point O (fig. 17) in the rigid body, from which 
draw Oz parallel to the direction of the proposed forces, 
which take for axis of z. Draw 0<r, Oy in any directions 
at right angles to each other and to Oz^ which take for the 
axes of w and y. Let Zi, Z2 ... Z, be the forces; P the 
point where the line in which Zj acts cuts the plane wy. 
OM «s a?i, MP = y^ the co-ordinates of P. Complete the paral- 
lelogram OMPN and join OP. At the point apply two 
pairs of opposite forces Z\ Z" each equal and parallel to Z ; 
these do not affect the system. 
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Now it has been shewn in Art, 55 ^ that when two equal 
parallel forces act in the same direction at the extremities of 
one of the diagonals of a parallelogram, they may be trans- 
posed to the extremities of the other diagonal, iet us on this 
principle transpose Zi to ilf, and Z' to N, We have then, 
one force Z' actings at in the direction O^r, and two couples 
in the plane ofz, y% whose arms are Oilf, ON, the former 
couple being negative. By this means we have transposed 
the force Zj to O, retaining its proper direction, and have 
introduced the couples — ZjO?!, + Z^yi in the planes w%^ y% 
respectively. Proceeding in the same manner with the re- 
maining forces Zg, Z3....Z„, we shall have, instead of the 
original system, the forces Zi, Z2....Z^ acting in the line Ox^ 
which (by Art. 23) have a resultant 

R^^.Z (1); 

and, in the plane wss, a set of couples, which (by Art. 52) 
are equivalent to a single couple in that plane whose moment 

= -2(Za?); 

and, in the plane y%^ a set of couples which are equivalent to 
one whose moment 

= 2 {Zy). 

If G be the moment of the resultant of these two couples, 
and the angle which its arm makes with Ow^ we shall 
have from Art. 65j 

6? . cos « 2 (Za'), and G .sin = 2 {Zy) ; 
.-. G^^i^.Zwf + (2 . ZyY (2), 

and tan0=: — — ^ (3). 

Equation (l) gives the resultant force acting at the origin 
of co-ordinates; and equations (2) (s) give the magnitude 
and position of the plane of the resultant couple. 

72. We have determined the position of the arm of 
the resultant couple. That result supposes, as in fig. 17, a 
negative force acting at that extremity of the arm which 
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is at O, and a positive force at the other extremity. It will 
sometimes be more convenient to know the position of the 
positive axis of the couple. Let a be the inclinations of 
this axis to the axis of w. Then 

S.Zy , . 2.Za? 

cosa--^, andsina^--^. 

In which equations 6 is to be accounted positive. 

73. The results obtained in Art. 71 are perfectly general, 
but they admit of reduction to a single force except when R 
or 2Z = 0. 

(1) When 2Z « 0, there is no force acting at O, and 
the only resultant is the couple whose moment is G. 

(2) When 2Z is not equal to zero, change the couple 
whose moment is G into an equivalent couple which has 
each of its forces R^ R!' equal to iZ or ]SZ; its arm will 

Q 

be equal to ^; place this couple as in fig. 18, so that one 

of its forces R" balances the resultant R. By this mode 
the whole are reduced to a single force i?' ( « 2Z) acting at 
a point P whose co-ordinates of'y are known from the equation 

Of 



= OP COS 0, 


and 


y 


~ OP one 


^ 

« ~ COS & 

R 








2.Z« 






2.Zy 



2Z 2Z 

These equations are free from ambiguity. 

74. To find the conditions that ike system of forces 
in Art. 71 may balance each other. 

We must consider the two cases mentioned in the last 
Article. In the second of these cases the resultant is the 
force 2Z acting at a point whose co-ordinates are 

2-Za? j2.Zy 
■ ^^ , and ^„ - . 
2Z ' 2Z 
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There can be no equilibrium as long as this force exists ; 
we must therefore have 2Z s o. But if this be the case 
the 2nd case coincides with the first; so that the resultant 
is a couple whose moment is G. There cannot be equilibrium 
therefore unless G » ; an equation which is equivalent to 
2 • ZcV B and 2 • Zy b o. Hence the conditions of equi- 
librium are 

2Z = 0, 2 . Za? = 0, 2 . Zy - ; 
which are both necessary and sufficient. 

75. General definition of ** the moment of a force about 
a lineJ*^ 

If the direction of the force be perpendicular to the given 
line, the moment is equal to the product of the force into the 
length of a line which is perpendicular both to the force and 
the line about which the moment is required. If the direction 
of the force be not perpendicular to the given line, it must 
be resolved into two components, one perpendicular and the 
other parallel to the given line; the moment of the former 
will be found by the definition just given, and that of the 
latter will be zero. 

76. According to this definition Ziffi and ZiO^i are the 
moments of Zi about the axes of a? and y respectively ; and 
hence we may state the conditions of equilibrium of parallel 
forces acting on a rigid body as follows: 

The sum of all the forces must be equal to zero ; and the 
sums of their moments about any two lines at right angles 
to each other in a plane which is perpendicular to the 
direction of the forces must be respectively equal to xero. 

77- ^0 ^^d ^A^ conditions of equilibrium of the forces 
in Art. 71 9 when there is in the body a fixed point ; or a 
fixed line at right angles to the direction of the forces. 



(1) When there is a fixed point. 



^1^ vvnen mere is a nxea pomi. 

Let it be taken for the point in Art. 71 ; then^ as by 
this arrangement R acts upon an immoveable point, it is 
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not necessary that SZ should be » ; but as the couple G 
would turn the body round O it is necessary and sufficient 
for equilibrium that 6r « o, or that 

2(ZcP) = 0, and 2(Zy) = 0. 

That is ; the sum of the moments of the forces about 
any two lines drawn from the fixed point at right angles 
to each other , in a plane perpendicular to the direction of 
the forces^ must be separately equal to zero. 

Remark. In this case the pressure on the fixed point is 
2Z acting directly upon it; i.e. it is the same as if all the 
forces were transposed to that point without altering their 
directions. 

(2) When there is a fixed line in the body. 

Let it be taken for the axis Oy in Art. 71, O being any 
point in it. 

Then since the force J? acts upon a fixed point it is not 
necessary for equilibrium that it should be = o. Also the 
couple G is equivalent to the two 2(Za?), 2(Zy) : the latter 
of which being in the plane yx can be so placed that its forces 
shall both act upon points in the line Oy, which being im- 
moveable, it is not necessary that this couple should be equal 
to zero. The remaining couple 2(Z/p) tends to turn the 
jbody about the fixed line Oy^ so that there cannot be equi- 
librium as long as it exists. Wherefore the condition which 
in this case is necessary and sufficient for equilibrium is 

2(Z^) « 0, 

that is, the sum of the moments of all the forces about the 
fixed line must be equal to zero. 

Remark. In this case the pressure on the fixed axis is 
equivalent to the force ^Z at O, and the couple 2(Zy) ; as in 
Art. 59 (2) these are equivalent to a single force 2Z acting at 
a point Jr in Oy such that 



RESULTANT OF THREE COUPLES. 41 

The force 2Z acting at this point represents the pressure 
on the axis. 

But the pressure may be otherwise represented, for a 

comparison of the equation OK = — ,^r^— with the result 

found in Art. 59 shews that the pressure on the axis is just 
the same as if the forces ZiZ^Z^ ... were transposed to the 
fixed axis and applied without changing their directions to 
points in the axis at the respective distances y\y2yz*'» from O: 
that is, if through every force we draw planes at right angles 
to the fixed axis we may transpose each force without altering 
its direction to the point where the corresponding plane cuts 
the axis. The forces thus transposed produce the same press- 
ure on the axis as the given system. 

78. To find the resultant of three couples which act 
in different planes^ no two of which are parallel. 

From any point (fig. 6) draw three lines OA^ OB, OC 
to represent the axes of the couples, the moments of which 
are Z, 3f, N; complete the parallelopiped, and join ODy OF. 
Then the couple whose axis is OV is equivalent to Z>, M 
whose axes are OA, OB : and OE is the axis of a couple which 
is equivalent to OC, OD ; i. e. to the three couples L, ilf , N. 

79. To find the resultant of three couples L, M, N 
whose planes are mutually at right angles. 

From any point (fig. 7) take OZ, OM, ON to represent 
the axes of the given couples. Then as before we may shew 
that OP represents the axis of the resultant couple G. Let 
a» A 7 be the angles POL, POM, PON between the axis 
of G and the axes of L, M, N. Then since 

OL = OP cos a, OM = OP cos j8, ON = OP cos 7 ; 

.*. Zefrcosa, if=sGcos)3, N^ Gcosy, 

and .'.U^M^ + N^^G\ 

From which the magnitude and position of the resultant 
couple 4ire known. 
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80. By means of the equations just given we may rescdve 
a couple into three components acting in planes at right angles 
to each other. 

81. To find the resultants of any forces j acting on 
different points of a rigid body, in lines which are neither 
parallel nor in one plane. 

Take any point O (fig. 17) of the rigid body as origin, 
and from it draw any three lines perpendicular to each other 
for axes of co-ordinates. 

Let Xi pi Zij a^i y^ x^^.^.he the co-ordinates of the points 
at which the forces act; resolve each force into three com* 
ponents parallel to Oaf, Oy, Ox. 

Denote the components parallel to j? by -Yj, X^, JTs... 

y by Fi, Fg, Fg,.- 

• X by Zij Z29 Z^m** 

The resultants of the last set of forces we have already 
found (in Art. 71) to be 

a force 2Z acting at O in the line Ox^ 

a couple ^(Zy) acting in the plane yx, 

and a couple — 2 {Za) acting in the plane /vx. 

The forces Vi Fg F3 ... form a system of parallel forces, 
of which the resultants may be deduced from those of 
Z, Zg Z3 ... by writing F, w, x for Z, y, w respectively : they 
are therefore equivalent to 

a force 2F acting at O in the line Oy, 
a couple 2(F^) acting in the plane wy, 
and a couple- 2 (F^sr) acting in the plane xy. 

And in these, writing X, x, y for F, <r, x we find the 
forces X\9 X^, JT^ . . . equivalent to 

a force SJT acting at O in the line Oar, 
a couple ^{Xz) acting in the plane xw, 
and a couple - 2 {Xy) acting in the plane y^. 
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Collecting these results it appears that the original forces 
are equivalent to S-ST, 2F, 2Z acting at O; and the three 
couples 

2(ra?)-2(jry) =2(Fa?--ry) in the plane coy, 

^{Xx) - 2 (JZw) = 2 {Xx - Zx) in the plane «x^ 

and 2 (Zy) - 2 {Y%) « 2 {Zy - Y%) in the plane yz. 

Now if R be the resultant of the forces acting at O, 
and a, j3, 7 the angles which the line in which it acts 
makes with Oa», Oy, 0%\ and if Cr be the resultant of the 
couples, and a\ /S', 7' the angles which its axis makes with 
Oi», Oy, 0», we have by Arts. S4, 79, 

JBcoso = 2Jr, iIcos/3 = 2F, iIcos7 = 2Z, 

iZ« « (2JSr)' + 12F)« + (2Z)^ 

and G cos a = 2 (Zy - F^y) = i suppose 

Gcos/3' = 2(Jr5f-Za?) = Jf 

GC0S7 =2(F4r-jry)«JV 

G^^V + M^ + N^. 

These eight equations give both the magnitude and di- 
rection of the resultant force which acts at the origin of 
co-ordinates ; and the magnitude and position of the axis of 
the resultant couple. These results are quite general, but 
we shall now shew that under certain conditions the original 
forces admit of a single resultant. 

82. Tojind the ambition that the forces in Art. 81 may 
admit of a single resultant^ and to find the magnitude and 
position of it. 

If G be B Oy no reduction is necessary; but if not, 
change the couple G into an equivalent couple, whose forces 
JB^ R" are each equal to R ; place this couple so that one 
of its forces (as R') shall act at O, and if possible in a direc- 
tion opposite to i{ ; in this case R and R! balance each other 
and may be removed ; there will then be left only the force 
R'\ which is the same as if the force R had been, transposed 
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to B!\ and the couple taken away. It appears, then, that 
a couple and a force are reduced to a single force (where 
the problem is possible) by taking away the couple and trans- 
posing the force to some other point. The possibility of 
being able to do this, depends on its being possible to place 
the forces R and R' in the same line. The student will 
perceive that this can be done only when the force R acts 
in a line which is perpendicular to the axis of the couple 
Gy the analytical condition of which is 

=5 cos a cos a + cos )8 cos ^ + cos y cos y 

2^ i 2F Jf 2Z N 
R G R G R G 

Hence the conditions required are 

(l) R must not be « ; 

and (2) L2Jr + Jf2F+ iV^SZ must = 0. 

We have yet to find the line in which the resultant force 
R" acts. 

We have remarked above, that R'' is the force R trans- 
posed without altering its magnitude or direction. If we 
had begun the investigations of Art. 81 by taking a point 
in J?'' for the origin of co-ordinates, we should have found 
R" acting at that origin, and no resultant couple; that is, 
denoting the co-ordinates referred to this origin by cv", y", %^ 
we should have found 

0«2(Zy"-FO> 

and 0^^{Yw' ^ Xf)\ 

these are in fact the conditions that the origin may be a poin 
in the single resultant force. Let w\ y\ %' be the co-ordinates 
of this origin referred to the original origin, a?, y, z being the 
same as before ; then a/' = tV — ^', y' -^y — y', z' ^ % -^ z\ 
which being substituted in the above equations give 



ANT FORCES ACTING ON A BI6ID BODY. 45 

y'2Z - xl^Y^^liZy - Yz) = £, 
5/2Jr- a^'2Z = 2(^i!f - Zw) = Jf, 

^\ y\ ^' are the co-ordinates of any point in the line in which 
R" acts. There being three equations between these quan- 
tities, it would seem as if there existed only a single point 
at which i2" can be applied, which is contrary to Art. 21 : 
but if we multiply these equations by 2Jr, 2F, 2Z and add 
the results we shall find 

o-Z2X+M2F+JVr2Z, 

which being satisfied by hypothesis, the three equations are 
not independent, but any one is derivable from the other 
two. Consequently any two of these are the equations of 
the line in which the single resultant acts. 

83. When the forces in Art. 81 do not admit of being 
reduced to a single force^ they can he reduced to a force and 
a couple the axis of which is parallel to the force. 

For let (f> be the angle between the axis of the couple 
G in Art. 81, and the force R. Resolve G into two com- 
ponents G cos 0, G sin (j) whose axes are respectively parallel 
and perpendicular to R, The latter of these, being com- 
pounded with R as in the last Article, will be destroyed, 
and R will be transposed to some other point of the rigid 
body, without altering its direction; it is therefore still 
parallel to the axis of the couple whose moment 

s G cos <l> 

=5 G (cos a cos a + cos /3 cos /3' + cos ^y cos y) 

L^X+M^Y + N^Z 
« ^ 

This appears to be the simplest form to which the forces 
in Art. 81 are in general reducible. They may however be 
presented in another simple form as in the following Article. 

84. The forces in Art. 81 can be reduced to two forces 
acting in two lines which in general do not meet; and to 
find the shortest distance between these linesy 
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Let them be reduced as in the last Article to a force R 
and the couple G co» 0. 

Let Q (fig. 19) be the point at which R acts; and let 
the couple G cos (f> be placed so that one of its forces K acts at 
Q, PQ being its arm. Then QR being parallel to the axis of 
the couple is perpendicular to QK ; hence if H be the re- 
sultant of R and JT, and yf/ be the angle HQKy the forces are 
now reduced to K at P, and H at Q, such that 

rr I p, Gco&(f) 

ircos>// = ^ = — p^, 
jBT sin >// s iZ ; 

and tan yb «— . 

^ G cos 

Now PQ being at right angles both to QH and PJT is 
the minimum distance between them. It appears from the 
above equations that PQ is arbitrary ; but when it is of given 
length then both K and H are known, and their relative 
position from the last equation. Q is known by the pre- 
ceding Article. 

86. To Jind the equations of the line in which R acts, 
and of the plane in which Gr acts, in Art. 81. 

Since R passes through the origin its equations are 



^ 



X y % 



cos a cog /3 cos 'y ' 

' ' / 

w . y % 

SJT 2r 2Z 



Again, we may suppose the plane of G to pass through the 
origin. And since a', j3', 7' are the. angles which a perpen- 
dicular upon it makes with the co-ordinate axes> its equation is 

of cos o' + y cos /3' + ^ cos 7' ■= ; 
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is the equation to the plane in which G acts. 

86. The conditions that the plane of G may be perpen- 

L M N 
dicular to the line in which R acts are -7-- « ---- « -— - . 

2X 2F 2Z 

87* To find the equations of the line in which the 
resultant force acts when the resultant couple acts in a 
plane at right angles to it. (Art. 83). 

Let Cy be any point in the line in which the resultant acts 
in this case ; w\ y\ % its co-ordinates referred to the origin 
used in Art. 81. If with the origin O' we were to proceed 
as in Art. 81, we should find a resultant R acting at 0\ 
and a couple G\ the plane of which would be found to be 
perpendicular to the direction of R\ and therefore 



2Jr 2F 2Z ' 

where i', M\ N' represent the quantities 

2 (Zy" - Yz'% 2 {Xz" - Zo?"), 2 {Ya/' - Xy'\ 



and w\ y\ % are the co-ordinates of a point referred to the 
origin , (fi hence i2?"= a? — af^ y*^y — y\ %"^ % ^ %\ as in 
Art. 8£; 

^\Z{y-y')-'Y{z^z')} ^{X{z-- z') ^ Z{x.^w')\ 
2^ " 2F 

_ ^{Y{w^w')^X{y^y')} 

2Z ' 

or bringing w\ y\ z outside of the symbol 2, and writing 
Z, JIf, iVfor their equals, the equations required are 

,2F ,2Z L ,2Jr ,2Z M 

,2^- ,2F JV 
? 2Z 2^ 2Z 
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88. In Art. 83 we were able, by transposing R to ife- 
stroy the couple G sin (p. If afterwards we transpose R to 
some other point, we shall thereby introduce a new couple, the 
axis of which being at right angles to the axis of the couple 
G cos <l> would be compounded with it, and make a resultant 
couple greater than G cos ip. Hence to whatever point R 
be transposed, the resultant will always be greater than in 
Art. 83. Consequently the resultant couple is a minimum 
when its axis is parallel to the resultant force. This is 
sometimes called the principal couple. 

89. Def. The line in which R acts when the resultant 
couple is a minimum, is called the central €un8* Its equa- 
tions are found above in Art. 87* 

90. If £ be transposed from the central axis to a dis- 
tance a from it, a couple is thereby introduced whose arm 
is a and moment Ra ; consequently the resultant couple for 

this position of R is \/R^a^ + G* cos* 0, which is constant 
as long as a is constant. Hence if we construct a cylindrical 
surface having the central axis for its axis, the surface of 
this cylinder will be the locus of the origins, which will give 
equal resultant couples. 

91. To find the conditions that the forces in Art. 81 
may balance each other when the body upon which they act 
is free. 

(l) Suppose the direction of R to be not parallel to 
the plane in which G acts ; then since R and G cannot in 
this case be reduced to a single force, they must be sepa- 
rately equal to ^ero; 

.-. = (2^V (2F)«+ (2Z)% 
andO = i«+iJf«+iV«; 
which are equivalent to the six following: 

= 2Jr, = sr, = 2Z, 

« Z, = if , O^N. 
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(2) Suppose the direction of R to be parallel to the 
plane in which G acts ; then R and G can be reduced to a 
single force, the effect of which reduction is to transpose 
R and destroy G. There can therefore be no equilibrium 
unless R zs 0; it is necessary therefore that R should be a 0. 
But il R ^ Of R and G cannot be reduced to a single force ; 
that is, G cannot be destroyed by transposing R; it is there- 
fore also necessary that G should separately be « 0. Hence 
the conditions of equilibrium are the same in this as the pre- 
ceding case; and, observing that Z, ilf, N are the moments 
of the forces about the lines Ow, Oy, Ozy we i^ay thus state 
them in words: 

The sums of the resolved parts of the forces parallel 
to any three lines at right angles to each other must be 
separately equal to xero. Andj the sums of the moments 
of the forcesy about any three lines at right angles to each 
other and passing thrm/^ a pointy must be separately 
equal to ssero. 

92. To find the conditions that the forces in Art. 81. 
may balance each othery when one point of the rigid body 
is fiwed. 

Let this point be taken for the point in Art. 81. Then 
since by this arrangement R acts upon a fixed point, it is 
not necessary for equilibrium that R should vanish; but 
as the couple G would turn the body about this point, it 
is necessary and sufficient for equilibrium that 6 be « ; 
that is, that 

Z-0, Jf-O, NmO. 

Or, in words. The sums of the moments of the forces^ 
about any three lines at right angles to each other pass- 
ing through the fiaed pointy must be separately equal to 
xero. 

Remark. The pressure on the fixed point is represented 
by R acting directly upon it : •'. e. it is the same as if all the 
forces of the system were transposed to the fixed point with- 
out changing their directions. 

E ' 
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93. Tojind the conditions that the forces in Art. 81 
mojf balance each other when there is in the body a ^ed 
oaAs. 

Let the fixed axis be taken as the axis of % in Art. 81, 
and any point in it as the point O; then since R acts upon 
a fixed line it is not necessary for equilibrium that R should 
be equal to zero ; also the couples Z, M^ acting in the planes 
y%, wxy can be turned round and so placed that their forces 
shall all act upon the fixed line Ox ; but the couple N acting 
in the plane wy cannot be so placed, and therefore as long 
as it exists it will turn the body round the line 0%; con- 
sequently it is necessary and sufficient for equilibrium that 
JV = ;— or m words. 



The sum of the moments^ of the forces about the Jiwed 
aoAs must be equal to zero. 

Remark. The pressure on the fixed axis is represented 
by the force R at the origin and the forces of the two couples 
i, M applied directly to the axis. But R is equivalent to the 
three SJT, 2F, 2Z ; of which SJIT can be compounded with 
the couple M (the forces of which are in the same plane with 
it) as in Art. 59 (2) ; the result of this compounding is a single 
force '2X acting at a point in the axis the abscissa of which is 

--— . The force S'F mi^ in like manner be compounded 

with the couple M ; and the result in this case is ]EF acting at 

the point — -— ,. Hence then the pressures on the axis* are 

represented by 

2Jr (at the point -^-^] parallel to a?, 

2r( - ^) paraUel to y, 

^Z (at any point of the axis) parallel to %» 

The last of these (2Z) may be compounded with dther of 
the others ; and thus in the most general case the pressure on 
a fixed axis may be represented by two forces. 
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CoE. The pressure 2Z urges the axis in the direction of 
its length, the other two pressures 2-^, SFcan be reduced to 
a force and a couple, the plane of the couple being perpendi- 
cular to the direction of the force. As this reduction is useful 
in certain cases, we shall shew how it may be effected. 

Through the fixed axis draw a plane so inclined to the two 
forces 2Jr, 2F that the resolved parts of SX, 2F along this 
plane may be equal and in contrary directions. Let a normail 
to this plane make an angle with SJiT, and therefore an angle 
90® - 9 with 2F; then the components 

(2X. cos 6 parallel to the normal, 
of 2^ are 






SJT.sin 9 along the plane ; 

J'SiY. an B parallel to the normal, 
of 2F are 



rsF. 
Isr. 



cos along the plane ; 



of which four components 2Jf. sin 9 is equal to 2F. cos by- 
hypothesis ; and therefore these two form a couple, and fix the. 
value of 9 ; for since 

•S^.sin 9 - SF.cDs^, 

^ 2F 
.-. tan0 = — ; 

the arm of this couple is 

^ 2Jr'*' 2F' °* ^^' 
and therefore its moment is 

. 2a . sin + ^-T- . 2F . cos 



IX' ^' •"" - - 2F • -' • ^'-"' {(2 JT)* + (2F;»} i' ' 

And the positive axis of this couple is inclined to the axis of 
Of at the angle 0, given above. 

Of the four components mentioned above> the two not yet 
reduced are 2^. cos d, 2F.sin 69 acting in one plane on the 

£2 
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points -=-~j - =rp'* They are therefore (Art. 40 or 59) equi- 

valent to a single force 

« 2JSr. cos d + Sr. sin e - {(2^)' + (2F)*} J, 

acting at an inclination d to the axis of w^ upon a point in 
the fixed axis the distance of which from the origin is (by 
Art. 59) 

L M 

2^. cos 6. ^'— 2K. sin 9, — 

2^ 2r j:2Jr - itf2r 

2Jr. cos e + 2r. sin " (2Jr)' + (2r)*' 

94. To find the conditions that the forces in Art. 81 
may balance each other^ when there is in the body a line 
moveable lengthwise but in no other direction. 

Let this line be taken as the axis of z in Art. 81, and any 
point in it as the point 0; then R acts upon this line, and 
being resolved into its components 2Jr, 2F, 2Z9 the first two 
acting in directions in which the line cannot move produce no 
effect ; but 2Z acting in the direction in which the line can 
move must be equal to zero if there be equilibrium. Also 
the couples Zr, My being turned round and so placed that 
their forces shall act upon the line Ox^ produce no effect be- 
cause they urge it in directions in which by hypothesis it 
cannot move : but the couple N cannot be so placed, and 
therefore as long as it exists it will turn the body about the 
line Ojy; it is therefore necessary that N should be equal to 
zero. Hence the conditions necessary and sufficient for equi- 
librium in this case are, 

The sum of the resolved parts of the forces parallel to 
.the given line must be equal to zero ; and the sum of the 
moments of the forces about the same line must also be equal 
to zero* 

This Art. will be applied when we come to investigate 
the power of a screw. 

95. The preceding Articles have been enunciated for 
rigid bodies only : but since when a fiewible body or a body 
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that has joints is in equilibrium it may be supposed to become 
rigid without affecting its equilibrium, all the conditions of 
equilibrium before investigated must be satisfied by a flexible 
body or a body that has joints. But it is to be noticed 
particularly that all these conditions may be fulfilled and yet 
such a body not be in equilibrium^ for some of its parts may 
not be in equilibrium. 

As a simple instance take the following. A straight rod: 
placed in a horizontal position with its ends on two props will* 
be in equilibrium ; but a chain, or a rod with a joint in the 
middle, so placed would fall. Hence then in equilibrium 
flexible and jointed bodies satisfy all the conditions which 
rigid bodies satisfy ; and besides them such other conditions; 
as are necessary to secure the equilibrium sat every part into 
which they are divided by joints: the actions at each joint 
are, though unknown genersJly, equal and 0|^|K»ite. upon the 
two parts joined there. 

96. If three forces acting tipon a rigid body balance 
each other^ the lines in which they act must be in one plane, 
and either be parallel or pass through a point. 

When a rigid body is in equilibrium, we may suppose 
any line or point in it to become fixed without affecting the 
equilibrium: upon this principle let an axis, not parallel 
to any of the forces and intersecting the lines in which 
two of the given forces act, become fixed ; then these two 
forces acting upon fixed points may be removed; which 
being done the body having a fixed axis is kept in equi- 
librium by the remaining force, which is impossible unless 
the line in which this force acts either intersect the fixed 
axis, or be parallel to it. But it is not parallel to it by 
hypothesis, therefore it intersects it. It appears then that any 
axis, not parallel to one of the forces, and intersecting two of 
them, must meet the directions of all the forces, consequently 
they are all in one plane. Again, since they are all in one 
plane they must either be all parallel, or some two of them 
must intersect; in the latter case, the point of intersection may 
be supposed to become fixed, and the correspondhig forces 
removed ; and then the rigid body haying a fixed point is 
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kept in equilibrium by a single force, which is impossible 
unless its direction pass through the fixed point; conse- 
quently, the directions of all the forces either are parallel 
or pass through a point. 

97- The student will have remarked that when forces (as 
in Chaps. I. II.) act on a point, it is not a necessary condition 
of equilibrium that their momenta about an axis should be 
equated to aero. The saxxSe is true of every system which is 
capable of being reduced to forces acting on a point. Also if 
in any case of equilibrium we know that the forces are capable 
of being reduced to three forces not parallel, since these by 
the last Art. must act in lines passing through a point, the 
same is true. 

98. In such of the proceeding Articles as relate to the 
conditions of equilibrium of a rigid body under the action of 
a system of forces, the lines parallel to which the forces are 
to be resolved, or about which the moments are to be taken, 
and equated to zero, have been spoken of as necessarily 
perpendicular to each other. This necessity, however, has 
entirely arisen from the mode in which we have conducted 
our investigations; from our having, in fact, assumed the 
co-ordinate axes to be rectangular. We shall skew that 
it may be dispensed- with ; and that it is sufficient if the 
forces be resolved in directions of, and the moments taken 
about, any three lines providing no two of them are parallel, 
and all three not in the same plane. For this purpose it 
will be necessary to prove the following propositions. 

99. If from a point there be drawn three lines not in 
one plane^ and the sums of the components, parallel to 
them, of all the forces be separately equal to %ero ; and 
also the sums of the moments of all the forces about them 
be separately equal to zero ; there will be equilibrium. 

For from the proposed point, let there be drawn a system 
of three rectangular ^x>-ordinate axes 0«, Oy, Oxi and let 
one of the proposed lines make angles ^i, tfi, ^i with« them. 
Then the sum of the components of the forces in the direc- 
tion of this line is 

2 (Xcos ^i) + S (F cos j/i) -f 2 (Z cos ^0» 
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which is equal to 

SJT . cos f 1 + 2F . cos rji + SZ . cos ^x - 
and therefore by hypothesis. 

= 2-3r. cos ^1 + 2F. cos tii + 2Z . cos ^j. 

Or, if R be the resultant of 2X, SF, 2Z ; and a, j3, 7 the 
angles which its direction makes with the co-ordinate axes; 

» iScosa. cos ^1 + jRcos)3cos^i + R cos^cos^i 
a= R cos a. 

Similarly, = JR cos 6, 
and s iZ cos c ; 

where a, 5, c, are the angles which the direction of R makes 
with the three proposed lines. Now these three equations 
require either that R should be » 0, or that cos a, cos 6, cos c 
should each be s ; but this last supposition is impossible^ 
because the given, lines are not all in one plane by hypothesis ; 

R^o. 






Again, the couples X, Jf, N have their axes parallel to Oa?, 
Oy, 0% respectively: hence resolving them each into two 
components, one of which has its axis parallel to the line 
^19 ^19 ^19 ^nd the other has its axis perpendicular to it, 
we have the sum of the former = L cos ^i + -4f cos rji + JVcos ^„ 
this, being the couple which tends to turn the body about 
the line under consideration, is the moment of all the forces 
about that line, and therefore by hypothesis 

= i cos ^1 + Jf cos rji + N cos ^i 

= G . cos a cos ^1+ G cos j8' cos j/^ + Gr cos y cos ^^ 

s= G cos a. 

Similarly = G cos b\ 

and e G cos c', 

a 9 b\ c' being the angles which the axis of G the resultant 
of Z, M, N makes with the three proposed lines. From 
these three equations it follows as before, that 6 s ; and 
we have already shewn that jR = ; consequently there is 
equilibrium. 
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• 

100. Cob. If there be drawn three lines not in one 
plane, no two of which are parallel, and the sums of the 
components, paraUel to them, of all the forces be equal to 
zero ; then the resultant R is equal to zero. For the first 
part of the preceding demonstration applies here, since it 
does not depend upon the positions of the lines, but only on . 
their directions. 

101. If there be three lines not in one plane^ no two 
of which are parallel and the sums of the components, 
parallel to them, of all the forces be separately eq$Mi to 
zero ; and if there be three lines (not necessarily the same 
as the former) not in one plane, no two of which are pa* 
rallel, and the stims of the moments of all the forces about 
them be separately equal to zero, there will be equilibrium. 

The demonstration contained in the former part of 
Art. 99, does not depend at all upon the three lines being 
drawn from a point as required in the proposition, and 
therefore it will apply here ; consequently J? a o. From 
this it follows, that if our present system of forces be not 
in equilibrium, their resultant is a couple, G suppose. Let 
a', b', c' be the angles which the axis of G makes with 
the three lines mentioned in the latter part of our propo- 
sition; then resolving G into two components, the axis of 
one being parallel, and that of the other perpendicular to 
the first of the three lines, we have the moment of all 
the forces about that line, (which is equal to the former 
component couple) 

«■ G cos a' J 

which by hypothesis is equal to zero. Hence 

B G cos a. 

Similarly « G cos V, 

and B Gr cos c^ 

Consequently G a o ; and we have already shewn that 
jR ■ ; therefore there is equilibrium. 



CHAPTER V. 



ON THE PEINCIPtK OF VIETUAL VEtOCITIKS. j 

I 



102. Dkf. If the parts of a rigid body, or of a 
system of rigid bodies, in equilibrium, be geometrically 
transferred through a very small space in any manner, the 
space moved over by any particle is called, in Statics, the 
velocity of that particle. 

The path described by any particle is supposed to be 
so small, that it may in every case be taken as a straight 
line, on the principle that an arc of a curve ultimately co- 
incides with its chord. 

The velocity of a point, estimated in the direction of 
the line in which the force acted upon the point when 
the body was in its position of equilibrium, is called the 
virtual velocity of the point, 

103. Having given the velocity of a pointy to estimate 
its velocity in any proposed direction in the plane of motion. 

Let JB (fig. 20) be the velocity of a point, EF the 
direction in which it is required to estimate it. Draw EG 
perpendicular to EF; Aa^ Bb parallel to EF\ and AC 
parallel to EG. Then every line perpendicular to EG in 
the plane FEG is parallel to, and therefore in the same 
direction as EF. Hence, to find the velocity in the 
direction EF^ is the same as to find the space through 
which the point has receded from the line EG ; which is fur- 
ther evident from the consideration, that a point can only 
recede from the line EG by increasing its distance from it, 
and every such increase arises from displacement parallel 
to, and therefore in the direction of EF. Now at A the 
distance from EG is Aa, and at B the distance is Bby 
consequently the velocity estimated in the direction EF is 
Bb-^Aa^ BC '^ AB cos ABC. 
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Hence we can estimate a velocity in a proposed direction, 
by multiplying the velocity into the cosine of the angle at 
which it is inclined to the proposed direction. 

104. From this it will be seen, that when a particle, 
which is acted on by a .force, is displaced, the virtual ve- 
locity of that particle will be found as follows ; — drop a 
perpendicular from the new position of the particle upon 
the line in which the force acted before displacement, and 
the line intercepted between the foot of this perpendi- 
cular and the first position of the point, is the virtual 
velocity required. Thus, in fig. 21, let the force F act 
upon the point A^ and let A be moved to Al \ draw A! a! 
perpendicular to AFy then Aa is the virtual velocity of A* 
If A were moved to A!' so that FAA'* is a right angle, 
the virtual velocity A would be zero. If A were moved 
to A'" so that the perpendicular A'" a" falls on FA pro^ 
ducedj the virtual velocity Aa^' of A is said to be negaiioe. 

105. Tf a rigid body be displaced^ the vehcitiei of 
any two of its particles, estimated in the direction of the 
line which joins them, are equal. 

Let A, B (fig. 22) be two particles, and let AA\ Bff be 
their velocities. Then, because the body is rigid, Jllff^ AB. 
Through A draw a plane at right angles to AB, and upon 
it drop the perpendiculars A'a, B'b. It will be easily 
seen, that the estimated velocity of A is A' a; and that of 
jS, B'b ^ BA ; and we are to prove these equal. Join a6, and 
draw A^C parallel to it. The an^s at C are right angles, 
and therefore 

J5'6 - SJ = A' a + ffC - BA 

^A'a-h AiBf cos J'JJ'C - BA 
= A a ^BA[\-^ cos IB'C) 

«J'a-25^.sin«l^. 

2 

But the last term, containing the square of the v«ry 
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small quantity sin as a factor, must be omitted in 

conformity with our definition in Art. 102. 
Hence B^b^-BA^A'a. 

This proposition is true, if -4, J? be two particles of 
different bodies ccmnected by a rigid rod, or inextensible 
string; 

106. If the reader should have any doubt respecting 
the propriety of omitting the last term, we would recom- 
mend him to reconsider the consequences of th^ definition 
in Art. 102, where it is stated that the displacement of 
every particle is so small, that curve lines may be considered 
as coinciding with their chords ; this requires us to consider 
the deflection of an arc from its tangent as evanescent in 
comparison of the arc itself, which arc is the velocity with 
which we have to deal. Hence 

5J(l-c6s^'S'C), 

being the versed sine (or deflection from the tangent) of 
the arc which represents a quantity less than the velocity, 
may be a forHoH neglected. 

107* If the displacements of the two points in Art. 102 
be in paralld straight lines through Jinite spaces, the pro- 
position will then also be iiecu/rately true ; and our defi- 
nitions in Art. 102, and the property in Art. lOS, will also 
strictly hold, how large soever be the spaces through which 
the particles are displaced. 

108. If the particles A^ B, in Art. 105, are urged by 
two equal forces T, jT in opposite directions along the 
line AB, the virtual velocities Ss, Ss' of A, B for those 
forces will be equal, but of contrary signs : and conse- 
quently the quantity TSa + T'Be' is equal to zero. Now 
if A^ B be two particles of the same rigid body, (or of 
two diflierent bodies connected in such a manner by a rod 
or cord AB that the distance between them does not 
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change,) their influence upon each other is exerted along 
the line ABy and is called tension. This tension is the 
same for both, but acts upon them in opposite directions, 
viz., either to draw them towards each other, or to push 
them asunder. Hence it follows, that for the tensions acting 
between A and JB, Tie + Tla = 0. The same may be 
proved for any and every two points in a whole system of 
bodies, providing they are connected in such a manner, that 
the distance between the points of connection is not changed 
by the displacement. It is obvious, that the tensions we are 
now considering, occur in pairs. Hence it follows, that 
if the forces of tension throughout a whole system of bodies 
in equilibrium be respectively multiplied by the virtual veto- 
cities of the points on which those tensions are supposed 
to acty the sum will be equal to zero. 

109« If a body rest against a smooth fixed point, 
there will be a pressure of the point against the body in 
the direction of a normal to the surface of the body. This 
pressure is one of the forces which keep the body in equi- 
librium. Let A (fig. 23) be the fixed point, PA the sur- 
face of the body resting against it, AR a normal at A^ and 
let the body be displaced without lifting it off the pointy 
so that A comes to some point A' suppose. Then the vir- 
tual velocity is J^'cos RAA' « AA' sm PAA' \ but PAA' is 
an indefinitely small angle, and therefore AA' sin PAA' is in- 
definitely smaller than AA'y and may be neglected. Hence, 
if R be multipled into its virtual velocity, the product may 
be neglected. 

110. If a body rest against a smooth fixed curve line 
or surface, there will be a pressure of the curve or sur- 
face against the body, in the direction of a normal at the 
point of contact. 

Let PA (fig. 24) be the body resting against the curve 
line or surface QA ; and let the body, by sliding and 
rolling, come into the position PBA% B being now the 
point of contact, and A' the new position of A. The vir- 
tual velocity of -4 = BA' sin ABA' which^ for the same reason 
as before^ may be neglected. 
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111. If two smooth bodies of a system rest against 
each other, theife will be a mutual pressure, which will 
act upon them at the point of contact in opposite directions, 
coinciding with the common normal at that point. If they 
are disturbed without being separated^ the distance between 
their centres of curvature, at the point of contact, will re- 
main unchanged; and, therefore, the virtual velocities will 
be exactly equal, but of contrary signs for the two bodies. 
If, then, jR, B! be the equal pressure exerted by each against 
the other, and 5r, 5r' the virtual velocities, 

i?Sr + iZ'5/ = 0. 

112. From the last three Articles, it appears that in 
any system of bodies kept in equilibrium by the action of 
external forces, and by tensions, reactions of smooth fixed 
obstacles, and mutual pressures of smooth bodies of the 
system, the sum of the products of each tension, reaction, 
and pressure, into the corresponding virtual velocity of the 
point on which it acts, is equal to zero. 

The student will remark, that the Articles referred to^ 
are only true when the displacement of the system is so 
small as to agree with the definition of a velocity given in 
Art. 102: also, in the case of pressures, the surfaces must 
be smooth, and the contact must not be broken ; and in the 
case of tensions, the connecting line must be of unaltered 
length. 

113. Let there be any number of connected bodies of 
a system kept in equilibrium by the action of external forces^ 
and also by the tensions of connecting rodsj cordsy 4*c., 
by the reactions of smooth fiased obstacles^ and by mutual 
pressure of smooth parts ; then, if cacA ewtemal force be 
multiplied into the virtual velocity of the point on which 
it acts J the sum of all such products for the whole system 
is equal to zero. It is necessary (as the reader will see 
from the preceding Articles,) in geometrically displacing the 
system, that no contacts be broken, and that rods and cords 
remain of the same length as in the equilibrium position. 
This is the principle of virtual velocities. 
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If a particle of one of the bodies be acted on by the 
external forces F19 F^.^.F^ and by the tensions Tu T^^.^T^^ 
and the reactions and pressures R^^ R^^.^.Ruy ve may con- 
sider that point as free, and kept in equilibrium by the 
action of all these sets of forces^ 

Let ai/3i7i, a^^y^'a^fipyf be the angles which the 
forces J'l, Ji..,Fj, make with the co-ordinate axes; ai^iC,, 
o>2b^C2*»»(iqh^c^ andai6^Ci, a2h\c%^**€b^h ^c^ similar quan- 
tities for Ti, 7^29 -—^^ and JKi, R^y.Ru. 

Then, because the particle is in equilibrium under the 
action of these forces, therefore (Art. 38) 

« 2(F cos a) + 2(7 cos o) + 2(fi cos a% 

« 2(jPcos/3) + 2(rcos 6) + 2(2Z cost'), 
m 2(Fcos7) + 2(rcosc) + 2(iJ cose). 

Let now the system be displaced, the velocity of the 
particle under consideration being hSi^ and ^1;^ the angles 
which ^Si makes with the co-ordinate axes. Then, if S 81 be 
the virtual velocity {at the force Fi, 

Fi Ssi ■= Fi (cos ai cos f + cos /3i cos tj + cos «y 1 cos ^) SSi* 

Similar expressions are true for the other external farces 
which act qn the pointy and therefore 

2(^5^)= {2(Fcosa)cosf +2(Fcos/3)c6si/+2(Fcos7)cos^} SSi. 

Similarly, if Sti and Svi be the virtual velocities corre- 
sponding to Ti and R^ 

2(r50= {2(Tcosa) cos J+2(rcos6) cos ly + 2(rcosc) cos^| SSi; 
and 
2(B5r)={2(JRcosa)cos^+2(J?cos*')cosj7 + 2(i?cosc)cos^}5iyi. 

H^nce, by adding the last three equations we obtain 
2(FS«) + 2(r50 + 2 (RSr) = (1), 

in which the symbol 2 extends to all the forces, tensions, 
and reactions which act upon the point under consideration^ 
but has no reference to the otha* particles of the system. 
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We may form equations similar to (l) for every other 
point in the i^hole • system upon which forces of any kind 
whatsoever act. If all these be added together, the terms 
belonging to the tensions along the lines which join points 
of the same body, and also those which act along rods and 
cords connecting two points of separate bodies of the system ; 
and likewise the reactions of fixed points, and surfaces, and 
the mutual pressures of two bodies of the system, will all 
disappear, by Art. 112, in forming the sum. But these, 
t€>gether with the external forces, are all the forces which act 
on the system ; consequently, there remains only the equa- 
tion 

where 2' extends to all the points of the system upon 
which external forces act, 2' and 2 together denote, that 
the sum of the products of all the external forces which 
act upcm alLthe points of the system into their respective 
virtual velocities is to be taken, and the equation shews 
that this sum is equal to zero; which is the principle of 
virtual velocities. It is not necessary to employ both 2 
and 2^ if we suppose 2 to extend over the whole systen^, 
the equation may be written 

S(F5*)«0, 
which is called the jequation of Virtual Velocities. 

114. The great advantage of the equation of virtual 
velodties consists in this, that it furnishes at once a re- 
lation among the external forces which act upon a system, 
free from tensions and pressures. Since the bodies are 
rigid, and supposed to be connected by strings or rods of 
unchangeable length, it is obvious that, in general, when 
one part is arbitrarily disturbed, the disturbance of the 
other parts will depend upon it by geometrical relations. 
In this case, Ssi being given, S«29 ^^s*-. will be determinable 
in terms of Ssi; and these values being written in the 
equation 2(F5«) = 0, will give only one relation among the 
forces, and will not therefore enable us to find the forces 
themselves, if their number exceed two. 
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It will, however, sometimes be possible to disturb one 
part of the system without afiPecting other parts; or the 
system may consist of several parts, each one of which it 
may be possible to disturb in such a manner as not to af- 
fect the other parts. In this case it is manifest, that the 
equation of virtual velocities will furnish us as many equa- 
tions between the forces, as there are independent parts of 
the system. Now two points are independent when no. geo- 
metrical relation exists between their virtual velocities. 
Wherefore, in using the equation 2(-F5*) « 0, we must 
find, from the geometrical properties of the system, as many 
of the quantities Ss^ Ss^^ d«s... in terms of the others as 
possible, and substitute them in the equation; the virtual 
velocities which are still left in it are independent, because 
no geometrical relation exists among them ; and, therefore, 
the corresponding parts of the system admit of independent 
disturbance; we must consequently equate the coefficients of 
each of these terms to zero. The resulting equations are 
the conditions of equilibrium. 

To illustrate what is here meant, we will solve the two 
following problems by the principle of virtual velocities. 

115. A particle rests upon a plane curve line^ being 
acted on by two forces X, Y parallel to the co-ordinate 
wees: to find the conditions of equilibrium. 

Let y e f(ai) be the equation of the curve, a^ y being 
the co-ordinates of the position of equilibrium of the particle. 
Then since after the disturbance the particle still remains 
upon the curve, if j^ + Sy^ and w + ^whe the co-ordinates of 
its new position they must satisfy the equation of the curve ; 

.*. y + Sy «=/(a? + Sa?)«y + d,y.Sar; 

.% Sy = d^y . S^. 

Now Sw, Sy are the virtual velocities of the particle for the 
two forces.^, Y; 

.'. X^wA- YSy s= by the principle ; 
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.% XSaf+ Yd^ylw^O for all values of 5«!r, 
and .-. X + Yd^y = 0, 
which is the condition of equilibrium. 

116. A particle rests upon a smooth curve surface 
acted on by three forces X, Y, Z parallel to the co^rdi^ 
nate awes: to find the conditions of equilibrium* 

Let «=/(^, y) be the equation of the curve surface, 
tT, y^ % being the co-ordinates of the position of equilibrium 
of the particle. Then if os + 5^, y + 5y, % -^-^zhe the co- 
ordinates of the position after disturbance, ^<r, ^y^ hz are 
the virtual velocities of the particle for the forces X^ Y, Z 
respectively; and therefore by the principle of virtual velo- 
cities, 

Xlv + YSy-^-ZSz^O. 

But because w + 5<r, y + 5y, » + 5«f are a point in the curve, 

X + Sx ^fipo + 5.r, y + ^y) 

« it + d^% . ^x + d^ . 5y ; 

/. 5«f = dju . ^w + d^ . 5y. 

By substituting this value of 5a?, we have 

{X + Zrf^iJ^) 5a? + (F + Zdy«r) 5y = 0. 

There is no geometrical relation existing between ly and ^w ; 
consequently, the equations of equilibrium are 

Jr+Zd^=0, Y •¥ Zdj/s ^0. 

117. If two forces P, P' «i?Ao«6 virtual velocities are 
5p, Sp', ac^ wpoTi a rigid body at different points^ and be 
such that the equation P5p + P'5p' « i« true for all arbi- 
trary displacements of the body^ then P and P' are equal 
and act in the same line in opposite directions. 

For the equation shews that Sp and 5p' are always zero 
together. Now disturb the body in such a way that the 
point at which P acts may remain stationary; then since 
F 
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the body is rigid, the point on which P acts must have 
described a circular arc about the stationary point ; and as 
tp — 0, that arc must be perpendicular to the direction in 
which P^ acts, therefore P acts in the direction of a normal 
to the arc, i. e., in a line passing through the point on 
which P acts. In the same way it may be shewn that P 
acts in a line passing through the point at which P^ acts ; 
hence they both act in the same line : it will therefore be 
possible to disturb the body so that ip and ^p may be 
equal in magnitude ; and they must have different algebraic 
signs {'.•PSp + P^Sp » 0), which can only happen, since the 
body is rigid, by reason of P and P^ acting in opposite 
directions; and therefore P and P^ are likewise equal. 

118. If the eqtuitian 2 (F^s) ^ be true far all arhir 
trary displacements of a rigid body under the action of 
external forces Fi, Fg,*. there is equilibrium. 

For if not, there will be at most two resultants (Art. 84) ; 
apply forces P, P^ equal to these resultants and in the con- 
trary directions to them, and then the body is in equilibrium 
under the action of the forces Pj, P»... P, P*; consequently 
by the Principle of Virtual Velocities, 

2(P5«)+P5p+P'V = 0. 

But 2 (PS s) =0 by hypothesis, and therefore Pip + Pip = 0: 
and hence it follows from the last article that P and 
P^ are equal and act in opposite directions; consequently 
they destroy each other ; they may therefore be removed 
without affecting the equilibrium ; hence the body is in equi- 
librium when Pj, Pa* Ps •••• are the only external forces 
which act on the body. 

119. When a system of connected bodies is in equili- 
brium under the action of external forces, pressures, &c., 
the equilibrium would not be affected if the connecting joints, 
cords, &c. were all to become rigid : and hence any force 
may be transmitted to any point of the system in the line 
of its action (Art. 21), providing the original point and 
the new point of application are not situated in independent 
parts of the system* 
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120. If the equation 2(F5s) « he true for all arhU 
trary displacements of a system of connected rigid bodies^ 
there is eqtiilibrium* 

If the system consist of independent parts, let one of 
those parts alone be displaced, then for that part 2(F^«) « 
by hypothesis. If that part is not in equilibrium we may 
apply forces to each body of it which shall keep each of 
them in equilibrium: these forces (Art. lig) may be trans- 
mitted and reduced to two P, P' acting upon the part under 
consideration. Hence reasoning as in Art. 118, we find P 
and P' equal and opposite, and therefore they may be re- 
moved without disturbing the equilibrium of the part. The 
same may be proved of each of the independent parts; and,, 
consequently, the whole system is in equilibrium. 

Remark. We have seen, that the principle of virtual' 
velocities is true only when the displacements are so small 
as to allow us to consider an arc as coincident with its 
chord or tangent. Now the reader who is f;imiliar with 
the Differential Calculus will know, that an arc and its 
tangent coincide analytically only as far as the second term 
of Taylor^s theorem inclusive : hence the principle of virtual 
velocities embraces only quantities of the first order of 
smallness. The second term of Taylor's theorem has been 
called the differential of the first term ; wherefore, in apply- 
ing the principle of virtual velocities, we ought always to use- 
ds instead of Ss. The equation of virtual velocities in it» 
proper form is ^(Fds) » o. Also because this equation 
involves only differentials of the first order, it is a matter of 
indifference whether a body rest upon a curve or its tangent, 
a surface or its tangent plane ; or on any other curve or 
surface having the same tangent or tangent plane at the 
point on which it rests. 
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CHAPTER VL 

OK THE CENTUE OF PARALLEL VOBCES, AND ON THE 

CENTRE OF GRAVITY. 



THE CENTRE OF PARALLEL FORCES. 

12t. If a rigid body be acted on at different points by 
forces in parallel directions, there is a certain point through 
which their resultant passes, whatever be the position of 
the body with respect to the direction in which the forces 
act. 

Let Fi, Fg.k.F,, act on the 'points -4, B...K (fig. 25) 
of a rigid body. From any point in the body draw the 
rectangular co-ordinate axes Ox, Oy, Ox. Join A, B; and 
let the resultant of Fi, F^, pass through C. Draw A a, Bb, 
Cc parallel to Ox ; join a, b passing through c. 

Juei Xiy^Xx, x^y%Xt...CD^y^%^ be the co-ordinates of the 
points on which the forces act ; afyss! those of C ; and let 
6 be the inclination of AB to ab. Then 

z ^Zx^ Cc ^ Aa^ AC sin 6, 

and z^ — z^ Bb -- Cc^ BC sin 6 ; 

sfo — jjf BC Ft ^ . , V 

••• -7 « -77; = ^ (by Art. 40); 

»'-«i AC F2 ^ ^ ^ 

whence we find (Fi + F2) x = F^Zi + F^x^. 

Again, take away the forces Fx, F^ and replace them by 
their resultant Fi + F^ acting at C, then if we put af'y'x" 
for the co-ordinates of the point through which the resultant 
of Fi, Fj, -F3, or, which is the same, of the two (Fi + Fg) 
and Fj passes, we have as before 

(Fi + F, + F3) x' = (Fi + F^)x + FaSfs 

=s FiXi + Fg^a + F^x^. 

In this manner, introducing successively one force at a time, 
until all have been taken in, and denoting by i y i the co- 
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ordinates of the point at which the final resultant acts, we 
shall at length obtain 

(Fi + /; + i?; + ... + Fn)z^Fi%i + F^^ + iPj»8 + — + ^f^^ 

or, more concisely, 2F.i«2(-F»). 
By similar reasoning we shall obtain 

, 2F.y«2(Fy), 
and ^F.x^^(Fw). 

The last three equations determine the values of ^yj; and 
since those values do not contain any terms depending on the 
inclinations (to the co-ordinate axes) of the lines in which the 
forces act, those forces may be turned about the points on 
which they act without affecting the position of the point 
whose co-ordinates are xyz* On this account this point is 
called the centre of parallel forces. 

122. Def. The product of a force into the distance 
of the point on which it acts from a plane, is called the 
moment of the force with respect to the plane. Hence 
2(jPd?), 2(jPy), ^(F%) are the sums of the moments of the 
forces with respect to the planes of yx^ wXy wyi and 2J^.^, 
2jP.y, '2tF .z are the moments of their resultant with respect 
to the same planes. Hence, remembering that the co-ordinate 
planes were taken in any position, it follows, that the sum 
of the moments of any parallel forces with respect to a 
plane is equal to the moment of their resultant with re-- 
spect to the same plane. 

123. If the proposed plane be drawn through the centre 
of parallel forces, the moment of the resultant with respect 
to it will be zero; consequently, the sum of the moments 
of any parallel forces with respect to any plane passing 
through their centre is equal to xero. 

124. If 2F be equal to zero, there is then no centre 
of parallel forces, as we likewise know from Art. 73. 

126. The formulae of (121) are true if the co-ordinates 
are oblique : and in that case 2 (Fa?), 2 (Fy), 2 (Fx) are 
called the oblique moments of the forces with respect to the 
co-ordinate planes o( yxy xw^ wy. ■ 
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THE CENTRE OF GRAVITY. 

126. It has been found by experiment, that under the 
exhausted receiver of an air pump bodies of unequal magni- 
tudes, and differing altogether in their nature and form 
(such as a piece of lead, a shilling, a feather, &c) fall 
from the top to the bottom of the receiver exactly in the 
same time: from which it has been inferred, that the Earth 
exerts an equal force on all equal portions of matter; and 
that the weight of a body at a given place, measured ac- 
cording to the principles laid down in Arts. 7 — 10, is pro- 
portional to the quantity of matter in the body: that is, 
if M be the quantity of matter in a body whose weight is 
TF at a given place, then 

WocM. 

But we have stated in Art. 8, that the. weight of a body, 
measured by a standard spring, is not the same at all places 
of the Earth^s surface ; it is in fact (as is shewn in Dynamics) 
proportional to. the accelerating force of gravity, at the re- 
spective places. This force is generally denoted by g\ and 
hence we have for a given body 

W^g. 

Consequently, lor different bodies at different places W oc Mg. 
For reasons stated in Dynamics we assume that 

W^Mg. 

127- The size or bulk of a body is called its volume 
and is denoted by Vi but it is necessary to explain, both 
with regard to V and Af, that they are expressed in numbers 
on the following principle. A known body, composed of 
matter uniformly diffused through all its parts, is taken as 
a standard to which all others are referred. The volume 
and mass of this body are called the units of volume and of 
mass. If a body be V times the size, and contain M times 
the quantity of matter, of the standard body; V and M 
are taken as the metSL^ures of the volume and mass of that 
body. Also, supposing the matter of the second body to 
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be uniformly diffused through its parts, if a portion of it 
of the same size as the unit of volume contains p times as 
much matter, p is called the density of the body; and it 
is evident that 

M^pV. 

128. The direction in which a body descends when let 
fall is called the vertical direction ; it may be discovered by 
suspending a heavy body by a thread, or by drawing a line 
perpendicular to the surface of still water. A plane at right 
angles to the vertical is called a horizontal plane; and it 
is evident, since the Earth is spherical, that the horizontal 
plane changes its position in passing from place to place: 
but since the distances of the bodies of systems usually 
treated of in Statics are exceedingly small compared with 
the radius of the Earth (4,000 miles, nearly) we may consider 
the surface of still water as a horizontal plane to a small 
extent, and consequently the verticals as parallel. 

129. Hence, in every body, and in every rigid system 
of bodies, there is a certain point through which the re- 
sultant of the forces which the Earth exerts on the different 
parts always passes in every position of the body or system. 
This point is called the centre of gravity of the body or 
system : it is sometimes also called the centre of mass. 

130. One property of the centre of gravity, particularly 
worthy of remark, is, that it does not depend at all upon 
the intensity of the force of gravity. For divide the whole 
system into very small equal molecules, the quantity of mat- 
ter in each being m, and their number n, and denote the 
force exerted upon a unit of matter by g; then the force 
exerted on each molecule » mg. And if a^iyiZiy w^ y^ jsr^,... 
be the co-ordinates of the molecules, and Isyz those of the 
centre of gravity, we have, by Art. 121, 

mgwi + mgW2 + mgx^ +•.. to n terms 
mg + mg + mg + ... to n terms 



^1 + ^2 + ^3 + 

n 
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Similarly, y - ?^L±i^ + J'* + 



n 



and^-fl±i^±fi± 



n 



It appears then» that the co-ordinates of the centre of 
gravity are the means* of the co-ordinates of the molecules, 
and consequently its position is independent of the intensity 
of gravity. Hence the centre of gravity of any body is a 
certain point within it, the place of which depends only on 
the relative disposition of its equal molecules. The investi- 
gation of its place is therefore purely geometrical, and may 
be applied to any body whatever; and for this reason we 
often speak of the centre of gravity of bodies far removed 
from the influence of the Earth, and when, in fact, no re- 
ference is intended to be made either to the Earth or to 
gravity ; the point alluded to, being no other than the one 
determined from the geometrical principles just laid down, 
viz. — that its co-ordinates are the respective means of the 
co-ordinates of all the equal molecules of which the body is 
composed. 

131. Since the resultant of the forces which act on the 
particles of a body passes through the centre of gravity, if 
that point be supported the body will be in equilibrium 
in every position. For instead of the forces themselves, we 
may substitute their resultant, which will be counteracted 
by the point of support, and this will be the case if the 
body be turned round that point into any position what- 
soever. 

132. And since the resultant may be applied at any 
point in the line of its direction (Art. 21), if the point of 
support be not in the centre of gravity, but in any point 
of a vertical passing through it, the body will be in equi- 
librium. And conversely, if a body be suspended from any 
point in it, it will not be at rest till the centre of gravity 



* Hence the centre of gravity of two equal bodies is the middle point 
between them. 
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and the point of suspension are situated in the same ver- 
tical. 

This property may sometimes be employed in finding 
the centre of gravity. For if the body be successively 
suspended from two points in it, and the corresponding 
verticals be drawn upon or through the body, their common 
point of intersection will be the centre of gravity. 

133. It follows at once, from. Art. 131, that if all the 
particles which are situated in a line passing through the 
centre of gravity be supported, the body will rest in equi- 
librium on that line in all positions. And the converse is 
true, viz. — that if a body rest in equilibrium, in all po- 
sitions, on a fixed line, the centre of gravity must be in 
that line; for, unless the centre of gravity were in that 
line, a position might be found in which the vertical 
through the centre of gravity did not pass through a point 
of support, and consequently the body would not be in 
equilibrium in all positions, which is contrary to the hy- 
pothesis. 

Hence, if we can find two lines on which a body will 
rest in all positions, the centre of gravity will be in their 
common point of intersection. 

134. Since the resultant of all the forces of gravity, 
which act on the particles of a body, may be supposed to 
act at the centre of gravity, and is equal to their sum 
(Art. 121)j we may, in any investigation in which this re- 
sultant is required, suppose the whole mass united at 
the centre of gravity ; and hence it becomes important 
to know the situation of this point in bodies of different 
figures. 

135. It is not. always convenient to divide a proposed 
body into equal molecules, as was done in Art. ISO, it there- 
fore becomes necessary, in that case, to use other formulae 
for the determination of the centre of gravity. 
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Let nil, ^9 ms,*..*.. be very small masses into vhich 
the body may conveniently be supposed to be divided; 
^1 t/i ^19 ^2 ^2 ^29 ^3 ^3 ^s • • • their co-ordinates. 

Then the forces which urge them ore gm^^ gm29 gfih9 

respectively; and therefore, substituting in Art. 121, we 

obtain 

- gmi . d?, + gm2 . ^j + gfih . Of* + ••• 

a? = — 



gmi + gm^ + gnh + .. 

nil a?! + flt^^s + Ills 4^8 + •.. 

fill + f»2 + Jits + ••• 

/ 



2i» ' 

and, similarly, 

- 2(fiiy) - ]S(m») 
^^ 2»i ' ^" 2m * 

136. Since, whatever be the position of the plane yXy 
we always have 

X • 2m 8 2(m^), 

it appears that the moment, with respect to any plane, of 
the whole mass collected at its centre of gravity, is equal to 
the sum of the moments of all the molecules, with respect 
to the same plane. 

137. If the origin of co-ordinates be in the centre of 
gravity, then 2(ma^) = 0, 2(m9)»0, and 2(m^)8 0; for 
x, y, and ^ are, in that case, each equal to zero. 

138. Since the mass of a body of uniform density is 
measured by the product of its volume into its density (Art. 
127); if /Oi> /t>29 p3>«--« be the densities, and Fi, Fg,' F3,.... 
the volumes of the molecules mj, m^, m3,....we shall have 

the molecules being so small, that every part of each one 
may be considered of uniform density. Hence, by substi- 
tution in the formulas of Art. 135, we have 
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- Pl^l • ^1 + p2^i • ^2 + pi^Z • ^3 + •••• - 

/>i^i + /''s^2 + Ps'a + •••• 

- ^M^) 

139. If the density of the whole system be the same in 
every part, then oi <^ 02 = /Os ...• and these formuloe' are sim- 
plified by dividing out p, thus, 

*"-^F^' y'"^v~' ''"^T' 

But it is to be carefully observed, that these formulae 
are only to be applied to such bodies as are of homogeneous 
materials. 

140. The general application of these formulae depends 
on the Integral Calculus, but there are a few cases which 
can be made to depend upon the more simple principles of 
Art. 133, and with them we shall accordingly commence our 
series of examples on the subject of finding the position of 
the centre of gravity in bodies of various forms. 

All bodies will be supposed homogenous, or of uniform 
density, unless the contrary is mentioned. 

141. If through any figure a plane can he drawn, so 
that the figure shall be symmetrical with regard to it ; that is, 
so that the two parts of the figure which are situated on 
opposite sides of that plane are perfectly similar and equal ; 
the centre of gravity is in that plane. 

For the moment of the volume on one side is exactly 
equal to the moment of that on the other side, with respect 
to that plane, and these moments will have contrary signs, 
and therefore their sum will be equal to zero. But this 
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sum (Art. 139) is equal to the moment of the whole volume, 
collected at its centre of gravity, with respect to the same 
plane ; which cannot be the case unless the centre of gravity 
be in that plane. 

142. Hence, if we can find two such planes difTerently 
situated, the centre of gravity will be in the line of their 
intersection ; and if we can find a third plane, the centre 
of gravity will be that point where it cuts the line of inter- 
section of the other two; in other words, it will be the 
common point of intersection of any three planes, by which 
the figure can be symmetrically divided. 

143. It follows, from these properties,— 

(1) That the centre of gravity of a sphere, or of a 
spheroid, or of a cube, is its centre. 

(2) That the centre of gravity of a parallelopiped is 
the middle point of one of its diagonals ; and of a cylinder 
the middle point of its axis. 

(S) That the centre of gravity of any figure of revo- 
lution is some point in the axis. 

144. When we speak of the centre of gravity of a line, 
or of a plane figure, it is to be understood that the line con- 
sists of material particles, and the plane figure of a single 
lamina of particles, or else, that the thickness is every where 
the same, and inconsiderable. 

145. Hence the centre of gravity of a straight line is 
its middle point ; of a circle, or ellipse, or square, its centre ; 
and it will follow, from reasoning precisely similar to that of 
Art. 141, that if we can draw two straight lines in a plane, 
by each of which the figure is divided into two equal and 
symmetrical parts, the centre of gravity is the point of their 
intersection. This property will enable us to determine at 
once, by inspection, the centre of gravity of almost all regular 
plane figures. 
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146. To find the centre of gravity of a plane triangle. 

Let ABC (fig. 26) be the triangle, bisect one of the 
sides as BC in 2), and join AD. Then we may suppose 
the triangle made up of material particles, arranged in lines 
parallel to BC ; let be be any one of them. Then, by the 
similar triangles BADy bAd^ 

BD : DA :: bd : dA, 
and, similarly) DA : DC :: dA : dc, 

.-. BD : DC :: bd : dc. 

But BD^DCf therefore bd^dc; and, consequently, d! 
is the centre of gravity of be. 

Similarly, the centre of gravity of every other line, parallel 
to BC, of which the triangle consists is somewhere in AD ; 
consequently the whole triangle would rest in equilibrium oh 
ADj and therefore its centre of gravity is in AD (Art. 133). 
In the same manner it would appear that the centre of gravity 
of the whole triangle is in J5jB, which bisects AC^ and hence 
G, the point of intersection of AD and BE, is the point 
required. 

Join DEj then because CAj CB are divided at -E, D 
in the same proportion, viz. each bisected, therefore DE is 
parallel to AB ; and, therefore, the angle DEG is equal 
to the angle ABG, and angle EDO to the angle BAG, and 
consequently the triangles ABG, DEG are similar ;- 

.-. AG : DG :: AB : DE 

:: AC : EC :: 2 : 1. 
Hence AG^ ^DGy 

and .-. AD^AG + DG « SDG; 

.-. DG « }AD. 

147* V ^A^^^ equal bodies have their centres of gra- 
vity situated in the three angular points of a triangle, the 
centre of gravity of these bodies will coincide with that of 
the triangle. 
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Let J, Bf Che the centres of gravity of the three bodies, 
then BD being equal to DC, the two 5, C will be in equi- 
librium on D; and therefore the three on a line passing 
through Ji D; in the same manner they will be in equili- 
brium on BE, and therefore G is their common centre of 
gravity. 

Hence (Art. 130) the distance of the centre of gravity 
of a triangle from any plane, is the mean of the distances 
of its angular points from the same plane. 

148. To ^nd the centre of gravity of a quadrilateral 
figure. 

Let ABCD (fig. 27) be the trapezium; AC^ BD its 
diagonals intersecting in £; 6 its centre of gravity; draw 
Gly GK paralld to the diagonals. Then, supposing the tra- 
pezium to be made up of the two triangles ADC, ABC, we 
have (Art. 139), 

(trapezium ABCD) . (perpendicular from G on AC) 
= (A ABC) . (perpendicular from its centre of gravity on AC) 

— (A ADC) . (perpendicular from its centre of gravity on AC) 
= 1^ (A ABC) . (perpendicular from B on AC) 

- J (A ADC) . (perpendicular from D upon AC). 

Now the triangles ABC^ ADC, having a common base 
AC, are proportional to the perpendiculars from B and D 
on AC9 which are also proportional to BE^ DE respectively ; 
hence, in the above equation, instead of the triangles ABC, 
ADC, and the trapezium, which is their sum, write respect- 
ively the quantities BE, DE, and BE + DE, to which they 
are proportional ; and, instead of the perpendiculars from 
B, D and G, or /, which is equal to it, write respectively 
BE, DEy and El, which are proportional to them ; and 
then we have 

(BE + DE) . EI^^BE^ - ^DE" 

^\{BE + DE) (BE^DE)', 
.'.EI^^(BE^DE). 
And, similarly, jBJT « J (AE - CE). 
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Hence, setting off EI equal to one-third of the excess oiEB 
above ED ; and EK equal to one-third of the excess of AE 
above EC\ and drawing /6f, KG parallel to the diagonals 
of the trapezium, G will be the point required. 

^ 

149. To find the centre of gravity of any other rectilinear 
figure we must divide it into triangles, and suppose each 
triangle collected at its own centre of gravity ; we can then 
find the common centre of gravity of the whole by the for- 
mulae of Art. ISQ. 

150. To find the centre of gravity of a triangular 
pyramid. 

Let A (fig. 28) be the vertex, and BCD the base of the 
pyramid. £, H the centres of gravity of the base and .the 
face ACD. Join AEy BH, BE, AH. Then, because E is 
the centre of gravity of the base, therefore BE produced, 
bisects CD. For a similar reason, AH produced, bisects 
CD\ and therefore BE^ AH intersect in F\ consequently, 
AEy BH, which are in the plane ABF, intersect each other 
in some point G. 

Now we may suppose the pyramid made up of triangular 
laminae of particles, situated in planes parallel to the base ; 
let cbd be one of them, cutting AF in/, and AE in e. This 
triangle is, of course, exactly similar to the base of the pyra- 
mid, and being parallel to it, cd must be parallel to CD ; 
and therefore the triangles CAF, cAf are similar, 

.-. cf : Af :: CF : AF; 
for a similar reason, Af i df :: AF : DF ; 

.'. cf : df :: CF : DF; 

but CF being equal to DF, cf must be equal to df and 
consequently the centre of gravity of the triangle cbd must 
be in the line bf Again, AFB being cut by parallel planes, 
fb must be parallel to FB^ and the triangles FAEy fAe are 
similar, 

.-. fe : Ae :: FE : AE; 
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but^ for a similar reason, 

Ae : be :: AE : BE, 



.-. fe : be :: FE : BE. 

But BE = ^FEy and therefore be = 2/e, consequently c is 
the centre of gravity of the lamina bed. In the 'same man- 
ner it may be proved that all the laminae of which the pyramid 
consists have their centres of gravity in AE^ wherefore the 
pyramid would balance on AE in all positions ; and, conse- 
quently, the centre of gravity is in that line. For like rea- 
sons, it is in the line BH^ and therefore G, the point of inter- 
section, is the centre of gravity of the pyramid. 

Join HE. Then, because FE : FB :: 1 : 3 :: FH : FA, 
therefore HE is parallel to AB, consequently the triangles 
HEGf BAG are similar ; 

/. GE : AG :: EH : AB :: FE : FB :: 1 : 3 ; 

.\ AG=- 3GE; 
.-. AE^AG + GE^ WE ; 
••. GE^^.AE. 

Hence, join the vertex and the centre of gravity of the 
base, and the centre of gravity of the solid will be at the 
distance of one-fourth of this line from the base. 

161. It may be shewn, by a method very similar to the 
one in Art. 147, that if four equal bodies be placed in the 
four angular points of the pyramid their common centre of 
gravity will coincide with the centre of gravity of the 
pyramid ; and that the distance of the centre of gravity of 
any triangular pyramid, from any plane, is equal to the 
mean of the distances of its angular points from the same 
plane. 

162. The line joining the centre of gravity of the base 
BCDy and that of any parallel section bed of the pyramid 
being produced, passes through the vertex A* 
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153. If a plane be drawn through the centre of gravity 
of the pyramid parallel to the base, a fourth part of any 
line drawn from the vertex to a point in the base will be 
intercepted between this plane and the base. 

For a fourth part of AE is intercepted, and therefore 
(Eucl. xu 16) every line from the vertex to the base is 
divided in the same proportion. 

154<. Hence, if a perpendicular be drawn from A upon 
the base, a fourth part of it will be intercepted between the 
base and a plane parallel to it through the centre of gravity 
of the pyramid. And, conversely, if we take a point in the 
perpendicular at the distance of one-fourth of its length from 
the base, a plane being drawn through that point parallel to 
the base will pass through the centre of gravity of the pyra- 
mid; consequently, all other triangular pyramids between 
the same parallel planes will have their centres of gravity 
situated in that plane. 

166. To find the centre of gravity of any pyramids 

» 

Let g (fig. 29) be the centre of gravity of the base of the 
pyramid; join Jg. Then, by a method exactly similar to 
the one pursued in ^rt.' I|iO, it may:be ^bewn that the centres 
of gravity of all the plane laminee, parallel to the base, of 
which the pyramid may be supposed to be made up, are 
in Ag^ and consequently the centre of gravity of the pyramid 
is in Ag. 

But we can divide the base BCDEF into triangles, and 
suppose the pyramid made up of triangular pyramids, consti^ 
tuted upon these triangles as bases, and having the common 
vertex A. These, by the last -article, will have their centres 
of gravity in a plane parallel to the base BCDIlFy which 
divides Agm Crs so that Gg^\Ag\ consequently the centre 
of gravity of tlie wh(de pyramid will be in that plane^ and as 
it is also in Ag it must be at G. 

166. There is nothing in this demonstration to limit 
the number of sides of the base of the pyramid, and there* 
fore in a cone, upon a curvilinear base of any form what- 
G 
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ever, which we may suppose a polygon of an infinite number 
of sides, the centre of gravity will be found, by joining the 
vertex and the centre of gravity of the base, and taking a 
point in that line at the distance of one*fourth of its length 
from the base. 

167« To find the centre of gravity of the frustum of 
a cone or pyramid cut off by a plane parallel to the base. 

Let BCD (fig. 30), 5cc2 be the two ends of the frus- 
tum, which are, of course, similar figures ; gy g' their centres 
of gravity ; G the centre of gravity of the frustum, which 
will be in the line g^^ because the centre of gravity of 
every lamina parallel to the base is in that line. Now, 
complete the frustum into a pyramid, its vertex A will be 
in g^ produced (Art. 152) ; and put a, b for the lengths 
of corresponding parts of the two ends of the frustum^ and 
c for gg. 

Then Ag and Ag being like dimensions of the upper 
pyramid and the whole pyramid, as are also b and a ; and, 
because the like dimensions of similar figures are propor- 
tional ; 

.•. a : 6 :: Ag : A^^ 
.\ a : a - & :: Ag : Ag-^ Agm^ gg^r» c; 

.-. Ag 



Similarly, Ag^* 



a^b 
be 



a — b 

Now, measuring along gA^ the distance of the centre of 
gravity of the whole pyramid from ^« J* ^; and the 

distance of the centre of gravity of the upper pyramid 

be 
from g'^ J . r 9 and therefore, measuring from gj it 

6c 
'. e + 4 . — — ; also, putting w for the distance of the 
a— 6 



i 
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centre of gravity of the frustum from g^ measuring along 
gA^ we have, by Art* 139, 

(whole pyramid) . J . 



e (frustum) • m + (upper pyramid) . ( c + J . — — - j . 

But similar solid figures are as the cubes of their like 
dimensions, wherefore the whole pyramid, the upper pyramid, 
and the frustum, which is the difference between them, are 
proportional, to a% . 6', and o' '- 6? respectively ; and substi- 
tuting these in the last equation for the quantities to whicb 
they are proportional, we have 



...i^.v^..t.^^.w} 






4 
therefore, by dividing the equation by o — 6, 



(a* + a& + 6^) ^ =» - • (a' + a& -i- &' + a& 4- 6^ + 6*) 

4 



4 



c a^ + gafi + Sft* 



« 



% flf » -• 



4 a* + a6 + 6 



«^* 



( III! 



GENERAL PROPERTIES OF THE CENTRE OF GRAVITY. 

158. If the nidis of each particle of a system be multU 
plied by the square of its distance from a given pointy the 
sum of the products wiU be the least possible when the 
given point is thi^, (ifpire of gravity of the. system. 

62 
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Let the centre of gravity of the system be taken for thfe 
origin of co-ordinates ; and put a, 6, c for the co-ordinates of 
the given point O ; a^i y^ %i^ w^ y^ z%... for those of the 
particles my, m2...o{ which the system ^ consists. 

Then 
(Om,)» « («, - o)» + (y, - i)» + («, ~ c)* 

I 

■» ^i' + yi* + i^i* + o* + 6* + c* - 2aa?i - ^byi - 2czi 

because (GiWi)* » ^j' + y^* + Xi^^ and GO^ « o* + fc' + c*. 

Hence mi {Om^y • 
«« nil . (6ri»i)' + Wj . {GOy - ^o • Wj^i - 26 . m^yi - 2c . miZi. 

I' 4 

Similarly, m^.^Om^y 
« mg . {Gm^^ + 97I3 . (6fO)* - 2a . m^x^ - 26 . Wgya - 2c . vn^x^j 

f»3- (Om^y 
-ts fUj . (Gwi^)* + W3 • (GO)' - 2a . mgoyg - 26 . wigyg — 2c, m^Zs, 



-and, consequently, by adding the corresponding sides of the 

equations together, 

<,■ .' ■ >• ■ 
mi . (Omiy + mi . (Om^y + W3 . (Om^y + 

« mi,(Gniiy + W3,(6rm2)' + ^3,(*Gm3)*+ 

+ (wij + Wg + W3 + ) . {GOy 

— 2a . (ini(Pi + »i2^2 + »W8^3 + ) • 

- 25 . C%yi + ^2^8 + ^3^8 + ....•.) 
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But, because the centre of gravity of the system is ia 
^he origin of co-ordipates^ we have, by Art, 137, 

ss fitjiTi + rriffiD^ 4- TT^^s + •••••• 

« wij^i + m^i + Ways + 

Consequently, 

e mj . (Crm^y + wi* • (Gn^y + m^ . Gm^* + ...... 

+ (mi + wijj + in, + ).(G0)* 

6r, 2 {m (Omy] « 2 {m (Gm)»} + 2m . (GO)*. 

From this equation it appears, that the sum of the pro- 
ducts of. each partiqle into the square of its distance from 
the point O, is greater than 2|iw(Gm)'} by the quantity 
2m .GO*; and since 2{m(Gm)'| does not depend at al( 
upon the position of the point O, the sum will be the least 
possible when GO erO, that is, when the;* point O is in the 
centre of gravity of the system. 

159. Cor. 1. So long as the distance of from G re* 
mains the same the quantity 2{m(Gm)'| + 2m. G(f retains 
the same value ; if, therefore, be fixed in space, and the 
body be made to turn round its centre of gravity, the sum 
of the products of each particle of the system into the square 
of its distance from remains unaltered. 

• 

• 

160. CoR. 2, The last two articles are equally true 
if m^ m^y mj.^.be large bodies instead of single particles, 
observing, in that case, that w^ y^ x^^ w^ y^ x^^ ^s Vs ^s *** ^^ 
be the co-ordinates of their respective centres of gravity. 

161. CoR. 5. Suppose the bodies each equal to m, and 
let their number be n, then 

2{ m {Omy\ a mj . {Om^^ + m^ . (Om^* + m^ . (Om^y + 

- m {(Omi)' + (Om,)»+ (Om8)*+ ......} 

«m.2(.0m)'; 
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and, similarlj, 2 {m {Gmy] « m. 2 {GmY; also Sm « m^ 

+ wi2 + i»3 + ..,*.. = m +m + m+ to n terms = nm; 

consequently, by substituting in the equation of Art. 158, 
we obtain 

m . 2 (OmV = m . 2 . (Gm)' + n wi . (GO)* ; 
/. 2 (Omy^ 2 . (Gm^) + n . (G0)\ 

It appears then,, that tn a system of n ^^tfof bodies, th4 
sum of the squares of the distances of th^r centres of gravity 
from a given pointy is greater than the sum of the squares of 
the corresponding distances from the centre of gravity of the 
system^ by n times the square of the distance of this latter, 
from the given point, 

162. Cob. 4. Hence, if ABC be a triangle, G its centre 
of gravity, and O a point situated either in the plane of the 
triangle or not, we have 

ACF'¥B0^4^CC^mAC?^BG^^C(P'¥S.GO'. 

And in a triangular pyramid whose angular points are 
Ay By Cy Dy Slid G&ntxe of gravity G» 

AO' + BO' + ccy^Diy 

= i.G* + BC^ + CG^ + 2)G» + 4, G(y. 

For, by Art. 147, the centre of gravity of the triangle 
coincides with that of three equal bodies placed at its angular 
points ; and the centre of gravity of the pyramid with that 
of four equal bodies at its angular points, (Art. ISl). 

c •. 4 

163. If each particle of u system be multipKedy a^ in 
Art. 158, by the square of its distance from a given pointy 
the sum of the products will be greater than it would be if 
the whole system were collected at its centre of gravity^ by 
a- quantity which is found by multiplying the products of 
the bodies taken two and W)o respectively^ by the squares 
of their miitual distancesy and dividing the sum of these 
products by the sum of all the bodies. 



) 
I 
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For let O be the given point, G the centre of gravity 
of the system of particles or bodies w^, m^ fWj... Take 
O for the origin, and let ^, y, ^ be the co-ordinates of 6 ; 
^1 Vi ^iJ ^8 ^8 ^2> ^8 % ^8> ••• *^ose of mj, wi^, wij... ; also, let 
{fThim^^ (^1^3)9 (9^2^)9 ••• be used to denote the distances 
between m^ and m^j mi and ms, th^ and m^ 

Then, by Art. 135, 

y . 2m « ^1^1 + m^y^ + mj^j + .•. 

squaring each of these equations and adding the results we 
obtain 

OG' . (2m)« . « m^ . \Omy+ m/ . (Owi^)' + m,» . (Om;^^ + .„ 

* • 

+ 2»»j»B, . (a>,/», + y,y, + «i«g) + 

+ 2i»,in, . (ar,af, + yjy, + «,»,) +...... 

+ 2»»,ni8 . (a!,ar, + y,y,+ »,«,) + ...... 

+ 

by siting OCT; (Om^», (OjBj)*, (0«i,)»... for their equals 
respectively. 

But (m^mj being the distance between two points whose 
co-ordinates are jTj y^ «j, w^ y, «,, we have 



(«t,«»^»- (j?, - a;^« + (y^ - y^« + (*^ - «^« 

- «i* + yi' + «x* + »,» + y,* + x*-2 (a^a, + y^y^ + »,«^ 
= (0»ij)« + (Oi»^»- 2 (a7,ar, + y^y, + »,sg ; 
.'. 2m,»», (.Tjar, + y,y, + »,«,) 
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Similarly, 

Consequently, by subBtitution, OG* (2w)* 

+ Wilih {{Om^y + (Om^y-- (mi »!,)•} 

+ iii,m, {(Om,)* + {Om^*- (f»,m,)*} 
+ 

B (mi +9112 + fits + ) mi {Om^^ 

' + (mi + m8 + m3+ ......) ^(Omg)* 

+ (mi + mj + m8 + )m3(Om3y+ 

•••-*- mi m2.(mim2)*— mi m3. (mim3)'-m2»»8.(m8m3)*- ..• 

« Sm . 2-fm<Om)*} - 2 {mim2;(mim2)*} ^ 

the term '2 {mim^. {mimg)'} being understood to represent the 
sum of; the products of the particles, taken two and two, into, 
the squares of their mutual distances. 

Hence dividing by 2 m and transposing. 



2{ m {Omy} « (2m) . OC? + 



2 ^mim2 • (mim2y} 



2m 



which expressed the property to be ^rov6d. 

164. Cob. l. From Art. 158, we have 

S {m (pm)*}- S {m (Gi»)'| + Sw . {GO)* ; 
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whicby substituted in the equation above obtained, gives 

A result which might have been obtained at once 
without the aid of Art* 158 by supposing O to coincide 
with G. 

• II » 

165. Cob. 2. If now, as in Art. l6l, we suppose all 
the bodies equal and n in number, the last equation be- 
comes 

m.2(Gm)««-.S(Wxi?i-)«; 

.♦. 2 (f»iifis,)» - « . 2 (Gm)*. 

Hence, in any system of n equal bodies^ the sum of the 
squares of the lines joining their centres of gravity^ two 
and two, is equal to n times the sum of the squares of the 
distances of those points from the centre of gravity of the 
system. 

166. Cob. S. Consequently, in the case of the triangle 
(Art. 147), 

Hence the sum of the squares of the sides of a triangle 
is equal to three times the sum of the squares of the di^* 
tances of its angular points from its centre of gravity. 

167* Cob. 4. In the case of the triangular pyramid we. 
have 

« 4(J(? + 5<? + CC? + 2)G»). 

Hence the sum of the squares of the siar edges of a 
pyramid is equal to four times the sum of the squares 
of the distances of its angular points from its centre of 
gravity p 
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168« When a system of bodies is in equiiUmum under 
the action of gravity only^ the altitude of its centre of 
gravity is in general a mtzaimum or a minifnunim 

Let n»|, 9722) 97»3... be the particles of the system in equi- 
librium ; Zii x^ jiTs... their respective altitudes above a fixed 
horizontal plane; z the altitude of the centre of gravity 
above the same plane; ff the accelerating force of gravity; 
then migf nhg^ nh^g •>• are the forces acting upon the par- 
ticles of the system. Let now the system be disturbed in 
a manner subject to the same restrictions as were pointed 
out in the Chapter on virtual velocities, (i. e. rods must not 
be bent, cords must be kept of invariable length, contacts 
must not be broken^ &c.) and let dsf^i^ dss^y d%^ ••• be the 
virtual velocities of the respective particles, then by Art. 113, 

niig • dxi + m^g . dx^ + m^ . dz^ + ••, = 0, 

or 2 {mdz) a o. 

But since ^m .z^^(m%)^ . 

.*. 2m , di ■= ^{md%) « 0. 

Now dz is the differential of ^, or second term of Taylor^s 
Theorem, and this being equal to zero, it follows that i is in 
general a maximum or minimum. 

It has been stated that the principle of virtual velocities 
extends only to quantities of the first order of ^smallness, 
that is, to the second term of Taylor^s Theorem only ; it does 
not appear therefore that ^{md^z) is in general equal to 
zero ; the algebraic sign of d!^z will therefore decide whether 
i is a maximum or a minimum* . . 

» 

169- Cor. Since the centre of gravity of the system 
is the point through which the resultant 2(mg'), or g-Sm of 
all the forces mig^ tn^g .», passes, and seeing that this resultant 
acts in a downward direction, it appears that, if the system 
be disturbed, the tendency of gravity is to make the centre 
of gravity descend : but if the constitution of the system 
be such that in passing out of a position of equilibrium the 
centre of gravity can only ascend, the ascent will ^be op-r 
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posed by gravity ; that is, gravity tends to bring the system 
back again into its position of equilibrium. But if the 
constitution of the system be such that in passing out of 
equilibrium the centre of gravity cannot but descend, it is 
assisted in its descent by gravity, and there is no tendency 
to return towards the position from which, it set out. Hence 
it follows: 

« 

(1) That if the altitude of the centre of gravity be a 
minimum, the system when disturbed will return towards 
the position from which it was disturbed. This is therefore 
called a position of stdble equilibrium. 

(2) That if the altitude of the centre of gravity be a 
maximum, the system when disturbed will recede still farther 
from the position of equilibrium. This is therefore called 
a position of tmstahle equilibrium. 

(3) That if the centre of gravity neither ascend nor 
descend when the system is disturbed, it still continues in a 
position of equilibrium. This is therefore called a position 
of neuter equilibriiun. 

170. If a body be placed with its base upon a plane 
it toill stand or fall according as a vertical through its. 
centre of gravity falls within or without its base. 

Let JB (figs. 31, 39) be the base of the body, G its centre 
of gravity ; draw a vertical through G meeting the plane 
on which the body is placed in H; H falling within the 
base in fig. 31, and without it in fig. 32. 

Every particle of the body is acted on by the force of 
gravity, and we have shewn that the centre of gravity is 
the point at which the resultant of the forces may be sup« 
posed to act : this resultant is equal to their sum, fbat is, 
it is equal to (W) the whole weight of the body. We. 
may therefore suppose the body to be without weight, and 
that a force acts at G equal to W» In fig. 31, we may 
suppose this force to be transmitted to J?, which being in: 
contact with a fixed point of the plane cannot be moved,. 
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and therefore W is counteracted, its effects being to make 
the body stand firm upon its base. But in fig. 32, W can- 
not be transmitted to a point which is in contact with the 
plane, and therefore as there is nothing to oppose its action, 
the point G will descend, thereby causing the body to turn 
about the point A. 

171« This reasoning applies if the plane on which the 
body is placed be not horizontal, provided the body be pre- 
vented from sliding by the roughness of the plane, or any 
equivalent cause, ^ 

172, If a body be placed on points, instead of a flat 
base^ it will stand or fall according as a vertical through 
its centre of gravity falls within or without the polygon 
formed by passing a thread round the points,. 

173. If there be any case not here considered, it may 
be disposed of on the following principle. The whole weight 
of the body may be supposed to act at its centre of gravity ; 
and as it acts in a downwards direction, its tendency is to 
cause that point to descend. If the geometrical arrange- 
ment of the i^stem be such that it is impossible for it to 
move so as to permit the centre of gravity to descend^ it 
will remain stationary; for in this case the tendency which 
gravity produces is prevented from taking effect by the con- 
struction of the machine. 



APPLICATION OF THE INTEGRAL CALCULUS TO FIND THE 

CENTRE OF GRAVITY OF BODIES. 

1^4i, To find the centre of gravity of a plane curve 
line. 

Let AB (fig. SS) be the curve line, referred to the rect- 
angular axes Oo?, Oy. P any .point in ABj and Q very 
peartoP. x^ OM^ ^w^MN, y^MP, ^^AP, hs^PQy 
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u s the moment of the arc AP^ and Su ^ that of PQ, about 

The moment of PQ about Oy is greater than it would 
be if PQ were all collected in a point at P; 

.\ Su>wS8; 

and it is less than if PQ were all collected at Q; 

Hence y always lies between a and w + Sof^ consequently 

the limit of -^ e^; 

OS 

I ' ' ' ' ' 

but by the principles of the Differential Calculus 

« Su du 

the limit of -x- « -— ; , 

Ss d8 

i 

du 
da 



••. -7- = i» ; 



the intefi^ral to be taken from w « OC to w ^ OD. 

But if 5 y be the co-ordinates of the centre of gravity of AP^ 
we have by Art. 139, 

- fwds 
/. ar « ' . ' - 

Similarly y--^. 

VJ5. These formulae will suffice for the determination 
of the point required in any given example : but it may be 
remarked with respect td' these, and other formulae, which 
will be investigated for finding the centres of gravity of 
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areas and yolumes, that they are not always of convenient 
application. It is, generally speaking, more easy to work 
out an example by taking an element Sm of the figure, and 
then applying the equations 

- 2 (ofSm) . S(ygm) 

If this method be applied to the case investigated in the 
last Article, we have 8m ^Ss; .*. 2(Sm) = S5« = /d« ««; 

and S (a? 5m) «= 2 (aSs) « fofds; and /. x = , the same 

o 

result as before. 

Ex. 1. To find the centre \of gravity of the arc of a 
semi-cycloid. 

Let BC (fig. 34) be the base, JB the axis, and AC the 
arc of the semi-cycloid ; w = AM, y = MPy 8 ■» AP, 2 a « AB ; 
then the equation of the cyclcnd is 

y = (2aa^ - .v*)i + a vers"^ - ; 

a 



.*. ay = I 1 J dwy 



'2a\i 
and d« =a I — I dat^ 



(?) 



.'. 9 = Z\/^aa. 
Also, xda = \/zaw . da ; 



.•. [wda = -x\/Tax% 






i 
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Again, fyds *:^ ys - fsdy 

^ys •- f^x/Iawl — .- Ij dof 

tsys ^2y/2af(2a ^ai)^daf 

« y« + - \/2a(2a - zp)* + C. 
3 

Now this integral ought to vanish when ^ « ; 

•*•• \^ >■> •■• • ' •• (t £ 

3 
and fyda^ys + -\/2a(2a — /p)* - — a^; 

3 3 

The equations (l), (2) give the co-ordinates of the centre 
of gravity of any arc AP: if we write in them 2 a for a?, 
we find 



— and Iw ]a 

3 \ s) 



for the co-ordinates of the centre of gravity of the arc AC. 

Ex. 2. To find the centre of gravity of an arc of a 
circle* 

Let AB (fig. 35) be the given arc, O its centre, C its 
middle point; join OA^ OB^ OCi and let PQ be a very 
small element of the arc. Draw Oy perpendicular to OC. 
at^OA^ a^AOC^ O^COP, SO^POQ: the centre of gravity 
of AB is maiiifestly in the line OC, let ^ be its distance 
from O measured along OC. Then 

the element PQ ^ aSOj 
its moment about Oy ^a80,*aeos0; 
.\ moment of the arc ABrsa^ f cos 0d9 from d=-a to da+a 
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■■ o* sin 0y from = — a to 0b+O9 
e 2a* sin a, 
and arc ^£b ^aa; 

•*• * " 2 (5m) 

2a' sin a 
2aa 

sin a 
a 

Ex. S, The equation of a catenary being 

-.i(e. + e"), 



t* n ii ^ • >tf 



and jcy being the co-ordinates of the semi-arc («), shew 
that 

, ay _ aa? 

Ex. 4. The equation of a parabola being j^ « 4m^, 
shew that the distance of the centre of gravity of the arc, 
cut off by the latus rectum, from its vertex, is 

m 3v/2-log,(l + y/g) 

4 * V^ + logeO +\/2) * 

176* To Jind the centre of gravity of a plane area. 

Let ACDB (fig. S3) be the area: then using the isame 
notation as in Art. 174, 

an element of areas PN ^ ylx^ 
its moment about Oy = sB.yiw ultimately; 
/. moment of the whole area about Oy^^(afySx); 

« fwydocy 
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and the wbole area = fydx ; 

fxydw 
fydw 

The integrals are to be taken from a? = OC to w = OD. 

Again, 

the moment of the element ySof about Ood 

a= ySiV . - ultimately ; 
.•. moment of whole about Oo? = ^ fy'diV ; 

''^'^Jydx' 

Ex. 1. To Jind the centre of gravity of the area of 
a semUparabola. 

Let J (fig. 34) be the vertex, and JB the axis of 
the parabola; and let y^ = 4imw be the equation of the 
curve, where a? « AM^ and y = MP ; put -45 = a ; 

2 



o 

= - \/4m . aa between ^ « and w^ a, 
5 

Also /y'do? as JAitnosdw 

^9,ma^ between the same limits: 
and Jydw^ Js/^moi^dx 

=* -\/4wa' between the same limits; 

.-. a? = g y— ^ ^^a^-:JB'^ 
- 1 2ma* 3 . 3 

H 
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Ex. 2. To Jind the centre of gravity of the area of 
a circular sector. 

Let AOB (fig. S5) be the given area, x the distance 
of its centre of gravity from O; then using the same no- 
tation as in Ex. 2 of Art. 175, we have 

elementary area = APOQ = ^a*50 ultimately ; 

.-. area of the sector = f^ a^dO from 0=s-a to 0=+a| 

Now the elementary area POQ being ultimately a tri- 
angle, we may suppose its centre of gravity to be at g^ 
such that Og= ^ OP = f o : and as the distance of g from 
Oy •: |. o cos ultimately, we have the moment of the ele- 
mentary area QOP about Oy 

= - a^^O . - a cos ; 
2 3 

.*. moment of the sector about Oy 

= i a^ /cos Ode 
3 -^ 

= - a' sin + C 
3 

2 
= - a^ sin a from 0«-a to 0= + a; 
3 

I- a^ sin a 
. . •*> ■— ■ — 



^8 



2asma 



3a 



Ex. 3. If ^y be the co-ordinates of the centre of 
gravity of the area of a semi-cycloid whose equation is 

y « (2aar - ^)J + a vers** -, 

a 

16 \ 



-. 7a , aTT / 16 \ 

» * -r «n<i y aa ^ — i 1 — — ' I . 
6 ^ 2 \ 9W 
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Ex. 4. I( ^y be the co-ordinates of the centre of 
gravity of the area cut off from a parabola {y^ = 4imw) by 
a focal chord inclined to the axis at an angle a, 

S = — (3 + 8 cot* a) and y = 2i» cot a. 

Ex. 5. To find the centre of gravity of the area of 
the quadrant of a circle, whose equation is ai^ •\- y^ = a^ 

Ex. 6. To find the centre of gravity of the node of 
the lemniscate, whose equation is r*=a*cos20. 

- Tra 

177« To find the centre of gravity of a solid of reva- 
lution. 

Let AB (fig. 33) be the curve by the revolution of 
which round Ow the given solid is generated. Make the 
same construction and notation as before. Let V denote 
the volume of the solid generated by the revolution of AMP^ 
and S V that generated by PMNQ ; u = the moment of V 
round Oy, and ^u that of S F about Oy. 

The moment of 5F about Oy is greater than it would 
be if 5 F were all collected in the circular plane generated 
by PMy that is, 

5w>a?.5F; 

and it is less than it would be if ^ F were all collected in 
the circular plane generated by QiV, that is, 

H»ce ^ .l,.p Ha. Ween . . |r »d » . |r + SF. 

Whence, as in Art. 174, 

du dV 

dx dw 

.\ u SB f(jvdV)* 
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But xj y being the co-ordinates of the centre of gravity 
of F, 

5 . F = w = /(a?d F). 

Now dV ^ iry^dw^ by the Differential Calculus; and, 
therefore, V ss Trfy^da^; consequently 

xfy^dof = fay^dtV ; 
_ fxy^dx 

From Art. 143, it is manifest that 

^ = 0. 

Ex. 1. To find the centre of gravity of a hemisphere, 

A hemisphere is generated by the revolution of a quad- 
rant whose equation is 

y- =3 SOc-F — aP ; 

.*. jy'dx = flcT' a?^ 

3 

which gives, for the whole hemisphere, by writing a for tr, 

o 
the quantity -a^ 

Again, jccf^dw = f(2aai^ - a?)doo^ 

2 1 

= - aw^ a?* ; 

3 4 

5 
which, by writing a for tr, becomes — a*, 



a? 


3^ 








5 

"" 8 " 


5 

8 


of the radius. 



Ex. 2. Given the altitude (c) and the radii (a, fr) of 
the ends of a parabolic frustum, to find its centre of 
gravity ; 

^ c dj" + 26^ 

3 * a« + ft« ' 



^ "^ o • ■"■« — iT ' ^"^ y = ^ • 



^. C 
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5 being measured along the axis from the smaller end 
whose radius is a. 

Ex. 3. In a cone, generated by the revolution of a 
right-angled triangle about one of its sides, 

5 = f of that side. 

Ex. 4. In the solid formed by the revolution of a 
semi-cycloid about its axis, 

- a 97r - 82 
^ ' 3 • Ptt-* - 16 ' 

X being measured from the base along the axis. 

Ex. 5. In the paraboloid, formed by the revolution of 
the parabola, whose equation is y'"+"= a^o?", 

_ m + 3n w 
ni + 2n 2 

178. To find the centre of gravity of a solid of any 
form. 

Let Otr, Oy, 0% (fig» 36) be the rectangular co-ordi- 
nates to which the solid is referred by its equation. Let 
ABPC be a portion of the surface of the solid, compre- 
hended between the co-ordinate planes wOz^ yOz^ and 
the planes PpNCy PpMB respectively parallel to them. 
Through the point S very near to P draw planes Ssnc^ 
Ssmh parallel to the former. Let xyz be the co-ordi- 
nates of P, and o) + 5a?, y + 5y, ss + ^z those of S. Then, 
denoting the volume of the parallelopiped Ps by Ay its 
moment about the axis Oob is greater than if it were all 
collected in the plane Pg, and less than if collected in the 
plane Rs ; that is, the moment of A is 

greater than yA^ 

and less than (y + Sy)A. 

But now if u be the moment of the solid PO about 
O^, the moment of SBmPn about Ow will be (by Taylor's 
theorem applied to two variables ^, y). 
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d,u i Sof + ^ Sj^u . (SwY + ... 
dyW . Sy + dgdyU . Sa;Sy + ••• 

+ ... 

and by the same theorem, applied to the variable a?, the 
moment of the solid BmP about 0<r is 

d^u . Sof + ^dg^u . (Swy + ... 

and, similarly, the moment of the solid C«P, is 

dyU • Sy + ^dj^^u . (SyY + ..• 

Subtracting both these from the former, we find the mo- 
ment of the parallelopiped Ps to be equal to d^dyU . ^w^y +... ; 
consequently, this quantity always lies between yA and 
(y + hy)A ; and, therefore, dgdyU + ... always lies between 

J ^ A . J 

y . -^— s- and y . ^p-^;- + dy . 



' Sw^y * SjffSy ' SwSy' 

A 

Now 0^ — sr~ tends to z as its limit, and consequently the 

owoy 

A A A 

two quantities y . ^ ^ and y . w - ^ ■ + Sy . ^; — cr- ^^^^ ^^ 

hwhy dOBdy cwcy 

equality with y%\ and d^dyU + ... which always lies be- 
tween them, tends to d^d^u as its limit; the three limits 
are therefore equal ; consequently, 

d^dyU^ yz; 

Now the volume of PO is equal to fsfy^^ and its moment 
about Oaf is 

wherefore, by Art. 139, 

y-Isfy^^IJyiy^) (2). 

By a similar investigation, we should find 
^ • f^y^'^IJyi^^) (0- 
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And observing that the centre of gravity of the parallel- 
opiped A is ultimately in its middle pointy we should find 

~^ • IJy« = \ Uy i.^) (3). 

Remark. It is evident, that by taking an elementary 
parallelopiped, at right angles to the plane xO%^ we might 
also obtain 

and if the elementary parallelopiped were at right angles to 
the plane yOz, we should find 

y 'fyfz^^fyfz(^y)y 

These formulae are in fact, often more convenient than 
those first given; and which are the most convenient in a 
given example is to be determined by tKe form of the body 
and its situation with respect to the co-ordinate planes ; the 
choice must, however, be left to the skill of the reader, as 
no general rule can be laid down. In every case, the greatest 
care is requisite to take the integrals between proper limits. 

All the three sets of formulae are comprehended in the 
following :^ 

which may be readily investigated after the manner of Art. 175. 

Ex. 1. Tojind the centre of gravity of the eighth part of 
an, ellipsoid. 

The equation of the surface of the ellipsoid is 

W^ ^ Si? 
cr Ir c* 
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i 



-s-/>-'^)-'-} 



6 V A } 



1 c fut ''■^ ^^ 



V a") 

This integral is to be taken from y = 0, to that value of y 
which makes a? = ; or from y = 0, to y = - -x/a* - ^ ; and 
therefore 



2 



4af 

This integral is to be taken from a? = 0, to a? = a ; and 
therefore 

LL% = . — = --.abc. 

^'^^ 4a^ 3 6 

Again, to find the value of f^fy {w%) we observe that 

e= ( a tP — a? J ; 
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which, taken between the same limits as before, viz. w » 0, 
and w^ ay gives 

__ - irahc ira^bc 

Hence x • — ;; — ■= 



? > 



6 16 

- 3 
/. x—- d* 

8 

— S 
Similarly, y = - 6 ; 

and ;j SB - c. 

8 

Ex. 2. To find the centre of gravity of a portion of a 
paraboloid, comprehended between two planes passing through 
its axis at right angles to each other. 

If a be its length, and b the radius of its base, the co- 
ordinates of its centre of gravity will be 

_ 2 - - 166 

179. To find the centre of gravity of a surface of revo- 
lution. 

Employing the notation and figure of Art. 177) let u be 
the moment of the surface generated by the arc AP^ and 
therefore Su the moment of that generated by PQ ; let aS^ 
denote the former, and ^^S^ the latter of these surfaces so 
generated. Then the moment of SS about Oy is greater 
than if it were all collected in the circumference q{ the circle 
described by P, and less than if collected in the circumference 
of that described by Q, that is, 

Su is greater than w * SSy and less than (<r + Sof) . SS; 
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/. -5^- lies between a? -z- and ar-r- + SS. 

ox COS hw 

Equating the limits, as before, we have 

du dS ds 

ax ax ax 

.-. u « Zwfixyds). 
But 

u = the moment of S about Oy = xS = S . 2wf(yds) ; 

.'. x.^irfiyds) ^27rf(xyd8); 

.'. xfiyds) ^/(xyds). 

And it is evident, from the symmetrical form of the sur- 
face, that y « 0. 

Ex. 1. To find the centre of gravity of the surface 
of a cone. 

If a be the altitude and b the radius of the base of 
the cone, the equation of the line by which the surface is 
generated is 

hx 
a 

b\i 
.'. ds 



(l + -) d^; 



hmf 6'\4 



.-. /(yd,)-/-^(l + ^)d^ 



which, taken between the limits or a 0, and m ^ a, gives] 



I 

I 
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Also, 

r, .X r^^ ( *^^^ 

i^a^yds) = /—(! + -,J da^ 
which, between the same limits, gives 



.". 0?- ^ b\/a* + 6^= ^ ah\/ €? + 6*5 

••. «? = §■«• 

Ex. 2, To find the centre of gravity of the surface 
generated by the revolution of an arc of a circle about a 
diameter. 

The centre of gravity bisects the axis of the zone. 

Ex. 3. To find the centre of gravity of the surface gene- 
rated by the revolution of a semi-cycloid about its axis, 

- 2a TT-^ 

3 TT-I 

Ex. 4. To find the centre of gravity of the surface of 
a paraboloid. 

Taking the focus as origin of co-ordinates, we find the 
distance of the centre of gravity from the directrix 

sec* — 1 
3m 2 



5 ^^ 
sec^ — 1 

2 



Ex. 5. To find the centre of gravity of the surface gene- 
rated by the revolution of a node of the Lemniscate. 

- a l-cosl2d 

»»7«— ;; 5-- 

o 1 — cosu 
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180. To find the centre of gravity of a surface of any 
form. 

If, in Art. 178, we use A to denote the elementary surface 
PS instead of the prism P«, we shall have 

A 



the limit of ^ o> = \/l + (d,ar)* + {dy%y\ 
otvdy 

and by proceeding exactly as in that Article, we shall find 



^ . /x/y \/l + {d^^y + (dy^)'= /,/y Wl + (d,^y+(d^zy\ . 

181. TV) ^nd the centre of gravity of a curve of double 
curvature. 

If we use S for the length of the curve line, and SS for 
the length of a very small portion of it, we shall have the 

limit of -^ = d^S « \/l + {d,yy + {d^xy, and it will be 

found that 

xS = f^a^y/l + {d,yy+{d,zy. 



yS^f,y\/i + (d,yy+{d,zy, 

zS « /, zy/l + {d,yy+{d,zy. 

182. We shall now add a few examples of finding the 
centre of gravity when the density is variable. Questions of 
this kind depend upon the formulae of Art. 138, viz — 

183. To find the centre of gravity of a physical line, the 
density of which at any point varies as the n*** power of its 
distance from a given point in the line produced. 



I 
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Let AB be the given line, and j '■ — —^ 

C the given point ; /a = the density ^ ^ ^ ^ ® 

at a point in AB^ whose distance from C = 1 ; a = CA^ 
b = CB^ OB = CP, 5a? = PQ. Since a physical line is of uni- 
form thickness throughout, we may take the length of any 
portion of it as the measure of the volume of that portion ; 
hence 5a? = the volume of PQ^ and as the density varies as 
(distance from C)*; 

Wherefore the density at P is /xa", and PQ is ultimately 
of uniform density, therefore the mass of PQ, is 

.*. the mass of AB ^^(fiof^Sai) 

s= /x fal^dw 



^' 


w + 1 


+ C 






fe»+l- 


-a« + ^ 




^• 


7^ • 


■H 


» 



between the limits x ^ a and a? = 6. 

Again, the moment of the mass of PQ about C, 

.-. moment of AB about C — ijijai^'^'^dx 



^n + 2 



5« + 2«a" + * 



= M 



n + 2 

• • • * . 

between the same limits as before. 

Wherefore x being the distance of the centre of gravity 
of the line from C, we have 



110 A TRIANGLE OF VARIABLE DENSITY. 



_ 2(/>ra?) 



2(pF) 



Remark. When n « - l, 



Jx35 



And m^^'*'* = m(6- a); 

_ 6 — a 



0? 



- C-) 



Again, when w = — 2, 



^/.«".m(;-^) 



M (6 - «) 



aft 












a 



_ ab b 

%•. a? = 7 • log* - 



Ex. 2. TV) Jind the ventre of gravity of a triangular 
plate, of uniform thickness, the density of which at any 
point varies as the n^ power of its disttmce from u tine 
through the vertew parallel to the base. 



i 
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Let ABC (fig. 37) be the triangle, CD a line through 
its vertex parallel to its base ; fx the density at a point in 
the triangle at the distance 1 from CD; P, Q two points 
in AC very near each other, through which draw Pp, Qq 
parallel to the base; b = AC^ c = AB, ai ^ CP^ Sx = PQ, 
9= /.CAB^ACD. 

Then the density at every point in the line Pp = /x (a? sin 0)", 
which may be ultimately taken as the density at every point 
of the element Pq. We may regard Pq as a parallelogram, 
whose base Pp 

1j c 

==— , by similar triangles ACB, PCp ; 

and whose altitude is PQ sin d = So? . sin d ; its area, which 
we may take as the measure of its volume, is therefore 



— .cof.sinOi 
b 



and its mass 



fi {w sin Oy , j-.whoi . sin 9 

b 



fXC 



^ (a?sin«)«+^5a?; 
b 



,\ the mass of the triangle 



= 2|^(^sine)»+^^ 
= ^.(sin0)«+^/^+'da? 

»^^(sin0r^.-^+C 

b ^ ^ « +2 

= ^.(sin0)'+^-^— 

h ^ ' n+S 

«_&£_. (5 sin «)»+» 
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And the moment of the element Pq about CD 

m — (po sin 0)"+* hw . J? sin 
h 

= ^(.rsine)"+^5df. 



Therefore the moment of the triangle about CD 

= '^./(a?sin0)"+«da? 

o n + 3 

tie &"+' 

- ^ (sin ey^' . ^!— 

b ^ ' n+3 

flC 



n + S 



. (b sin 0)"+^ 



Wherefore, if a line passing through the centre of gravity 
of the triangle, parallel to the base, cut JC at a distance x 
from C, the distance of the centre of gravity from CD will 
be X sin d, and 



^^ /r ...^ m„+2 



••. a? sm = 



. (6 sin ey 



'"^ .(6sin0)«+^ 



w + 2 
W + 2 
71 + 3 



. 6 sin ; 



n + 3 

And if CE be drawn bisecting the base, the centre of 
gravity must be in that line ; hence we have two lines passing 
through the centre of gravity, and consequently it is the point 
of their intersection. 

Ex. 3. To Jind the centre of gravity of a quadrant 
of a circle^ the density Ort any point of which varies o« the 
n*^ power of its distance from the centre. 
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Let ABC (fig. 38) be the quadrant; CD, Cd two radii 
making angles with CA respectively equal to 0, O+^O; 
AC = a, CP ^ Cp = ry PQ = pg = 5r ; jll = density at the 
distance 1 from the centre ; therefore the density at P or 
p = ^r". Now we may ultimately consider Pq as a paral- 
lelogram, whose sides are PQ and Pp, or 5r and rSO, and 
its area = rSr.S0, which may be taken as the measure of 
its volume; and its mass 

.•. mass of the quadrant = ^jf (m^*'*^0* 
Now X (m^*0 = -^ . r»+* + C 

as . a"+* from r = 0, to r = a. 

n + 2 

/. mass of the quadrant = — . ^a""*"^ 

^ w + 2 ''*^ 

'"^ .o"+20+C,from0 = Oto0=- 



w + 2 2 



» + 2 2 

Again, the moment of Pq about CB 

e /ur* . r 5r . 50 . r cos ; 
.•. moment of quad, about CB = f$frQ^''^*^cos6). 

But tU^"*"' cos 6) = — ^ . r"+« cos + C 

«~^.a»+'cos0; 

W + 3 

.•. moment of quad, about CB « . ^o*"*"' cos 

^ w + 3 •'• 

'^ .a»+5sine + C 



n + 3 



n + 3 

between the same limits as before; 
I 



o»+S 
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X = — 



.o"+« 



^Z.a^^^ 



n + 2 2 

W + 3* ^ * 

And it is manifest^ from the symmetrical form of the 
figure, with regard to CA and CB, that y = a?. 

Ex. 4. A sector of a circle ACB (fig. 39) revolves round 
one of its radii AC through a given angle ()3), and generates 
a solid, the density at any point of which varies as the (n)*^ 
power of its distance from the centre C ; to find the centre of 
gravity of the solid. 

Since the solid is perfectly symmetrical with regard to 
a plane passing through AC, and bisecting the angle )3, the 
centre of gravity must be in that plane. Let CA be the 
axis of <r, and a line in the plane BCA at right angles to 
AC, the axis of y\ the axis of % being at right angles to 
both ; 

.•.i.f.«.^. 

Leto=JC, a^/,BCA,e = ECAje = FCE,CP:=^Cp^r, 
PQ BxpqzsSr, fx^ the density at the distance I from C 
Then the area of the parallelogram Qp 

^rSe.Sr; 

and when the sector revolves about AC, this parallelogram 
generates a volume 

ursine. (i.rSe.Sr 
^(if^Sr. sin eS9; 

for P's distance from AC is r sin 6, and in revolving through 
the angle /3, the length of its path is r sin . /3. The density 
of this volume 



SPHERICAL WEDGE OF VAEIABLE DENSITY. 115 

and therefore the mass of the element generated by Qp 

^lULf^.fir^Sr. sine. SB; 
,\ the mass of the solid =» iuLfi> ^ ^ ^"^"^ sin 0. 

But £»•"■*** sin « . sin + C 



o"+' 



from r = 0, to r = a ; 



• sin d, 



1x3 
\ the mass of the solid « . a''+'* t sin 

n + S "^ 



w + 3 



W + 3 



• rf'+*(l - cos a) 



• a ^ sin' - y 



n + 3 2 

from = 0, to = a. 

Again, the moment of the elementary mass with respect to 
the plane y% 

= /iL/3r^+« sin d Jr . 50 . r cos ; 

.-. the moment of solid = MjS ^ jj C^"**"' sin cos 0) 

Mi3 



n -k- 4i 



.a»+*j;(sm0cos0) 



= i.-^.a-**sin»0 + C 

=5 4 . . a» + * sin' a ; 

, w + 3 sin' a 
•*• a?=»i» -•a.— 

sm* - 
w + 3 .a 

a ; — .aCOS^-. 

/i + 4 2 

I 2 
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In order to find Zy we must divide the volume generated 
by the revolution of the parallelogram Pq into elements; 
to this end, let there be two planes passing through AC and 
inclined to the plane BCA, at the angles and <f) + S(f> 
respectively ; then the portion comprehended between them 
will be equal to the volume generated by Pg, in revolving 
through an angle S(f)j and therefore is 

«s r sin 6.^(f>.r^6.Sr 

= r»5r. sin 0S0. 50. 

And the density of this element is /xr", and therefore its 
mass is 

/uir»+*5r. sin 050.50, 

and its distance from the plane ABC is r sin . sin 0, as 
is evident from the construction; and therefore its moment 
with respect to the plane ay 

= /ur«+35r . sm*0^0 . sin 050 ; 

therefore the moment of the solid with respect to the plane 
<vy 

-^i^jS/«(^*'sin«^sin0) 



.^J^(sin^0sin0) 



W +4 

^^— «/,(-sin«0cos0+C) 

7» T ^ f 



/[xa"+* 



Jj(l-cos/3)sin«0, 



W + 4 
taken from » 0, to ^ /3. 

Now jj sin«0 » ^ jj (1 - cos 20) 

»^(0-^sin20) + C 
a sin 2a 

*i 4~' 

taken from 0^0, to » a ; 
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therefore the moment of the solid with respect to the plane wy 



na^-^^ 



n 



— (1 - cos/3) ^(a - \ sin2a), 



= sm* — (a — sm a cos a) ; 

sin' — 
- n-^- S a 2 a — sm a cos a 

" ^ + 4*2* , , a i3 

sm' - '^ 



2 



and therefore y = i cot — 



. /8 

cos — sm — 
n + S a 2 2 a — sm a cos a 

» + 4'2 ,^ a /3 

2 



sin' — 



Ex. 5. Find the centre of gravity of a cone, the density 
at every point of which varies as the square of its distance 
from a plane through the vertex parallel to the base, 

— 5 

i» as - of the coneys axis, 
o 

V 

Ex. 6. Find the centre of gravity of the eighth part 
of a sphere, the density at any point, whose distance from 
the centre is «, being proportional to 

a . ITS 
- sin — , 
8 2a 

where a denotes the radius of the sphere. 



x^y^z 



•(-;)• 
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184;. The suffaice^ generated ty u curve lincy which 
revolves about a Jixed aads, is equal to the product of the 
length of the curve line by the length of the path described 
by its centre of gravity. 

For let AB (fig. 33) be the curve line, and Ow the line 
about which it revolves through an angle ; then using the 
same notation as in Art. 17^9 the point P describes an arc 
8 9 09 consequently the arc PQ describes a zone, of which 
the length is yO ultimately, and the breadth ^ Ss; hence 
the area of the zone is ultimately = 9ySs; and therefore the 
area of the whole surface generated is 

= 2 (OySs) - efyds ; 

the integral being taken between the limits corresponding to 
w = OC, <v = OD. 

But if y be the distance of the centre of gravity of the 
arc AB from the axis Ow^ we have shewn in Art. 174> that 

y • (arc AB) » fyds, between the same limits ; 
hence the surface generated 

= 0y . (arc AB). 

Now 0y is the length of the path described by the centre 
of gravity, consequently the last equation expresses the pro- 
perty to be proved. 

♦ ^ 

185. The volume generated by a plane area^ revolving 

about a fixed aods in its own plane^ is equal to the product 

of the area into the length of the path described by its centre 

of gravity. 

Let A be the revolving area ; ^A a portion of it so small 
that it may be all considered to be at the same distance y from 
the axis. Then if Q be the angle through which the area re- 
volves, ^A will describe a volume which may be considered to 
be a thin cylinder bent into the form of a portion of a ring. 
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The area of the base of this cylinder is 8 A, and its length is 
yOy consequently the volume generated by S-4 

»dySA; 

and therefore the whole volume generated = 02 (yS -4). 

But if y be the distance of the centre of gravity of the 
area A from the fixed axis, we have from the nature of 
the centre of gravity 

2 (i^) . y = S (f,U), 
or Jy = 2(ySJ); 

hence the whole volaioe generated 

= eyJ: 

an equation which expresses the property which was to be 
proved. 



CHAPTER VIL 



ON MECHANICAL INSTRUMENTS, 



186. Every machine, how complicated soever its con- 
struction, is found to be reducible to a set of simple ones, 
called the Mechanical Powers. These, though authors differ 
considerably on the subject^ are generally said to be six in 
number ; viz.— 

1. The Lever; 

2. The Pulley; 

3. The Wheel and Axle ; 

4. The Inclined Plane; 
6. The Screw; 

6. The Wedge. 

These are not the most simple machines ; for, rods used 
in pushing, and cords used in pulling, are much more simple ; 
in fact, every machine will be found to be a combination of 
levers, cords, and inclined planes, and these might conse- 
quently be called the simple Mechanical Powers, with much 
greater propriety than the six before mentioned. As, however, 
these are not very complicated in construction and application, 
and as levers, cords, and inclined planes do always, in actual 
practice, present themselves in machinery, in one or more of 
these six combinations, it will very much facilitate our en- 
quiries into any proposed machine, to be acquainted with 
their forms and the advantages to be expected from their 
use. 

In speaking of any machine, the force which is applied 
to work it is called the working power ^ or, simply, the 
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Power ; the weight to be raised, or resistance to be overcome, 
is called the Weight; the point where the machine is applied 
to produce its effect is called the working point ; and the 
fraction 

Weight 
Power 

is called the Mechanical Advantage (by some authors the 
Power, but this creates confusion by confounding it with 
the former definition of power) of the machine. 

187* Every machine is useless until put in motion, and 
therefore its parts ought to be so arranged and adapted that 
the given power may be able to overcome the proposed weight, 
and move it with the requisite degree of celerity; but, in 
discussing the theory of the Mechanical Powers, it will be 
sufficient to determine the ratio of the weight to the power 
when they balance each other, for then the slightest addition 
made to the power will cause it to preponderate and put 
the machine in motion. 

188. It is very important to remark, that when a power 
is employed in working a machine, a very considerable por- 
tion of it is found not to reach the working point, being 
spent in overcoming the stiffness of the cords and the rough- 
ness of surfaces which rub against each other. Much power 
is also lost through the imperfection of workmanship, the 
bending of rods, beams and other materials, which are intend- 
ed to be rigid, the resistance of the air, &c. ; but the intro- 
duction of the consideration of these things, though very 
important in a practical point of view, would only tend to 
embarrass the student by rendering our investigations tedious 
and perplexing. We shall therefore at first suppose cords 
to be perfectly flexible, surfaces quite smooth, workmanship 
geometrically exact, rods and beams perfectly rigid, the air 
to offer no resistance; &c. 

^^ It is scarcely necessary to state, that, all these suppo- 
sitions being false, none of the consequences deduced from 
them can be true. Nevertheless, as it is the business of Art 
to bring machines as near to this state of ideal perfection 
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as possible, the conclusions which are thus obtained, though 
false in a strict sense, yet deviate from the truth in but a 
small degree. Like the first outline of a picture, they re- 
semble in their general features that truth, to which, aft^ 
many subsequent corrections, they must finally approximate. 

<^ After a first approximation has been made on the several 
suppositions which have been mentioned, various efiects, which 
have been previously neglected, are successively taken into 
account. Roughness, rigidity, imperfect flexibility, the resist- 
ance of air and other fluids, the effects of the weight and 
inertia of the machine, are severally examined, and their 
laws and properties detected. The modifications and cor- 
rections thus suggested, as necessary to be introduced into 
our former conclusions, are appUed, and a second approxima- 
tion, but still onlff an approximation to truth is made. Por, 
in investigating the laws which regulate the several eflects 
just mentioned, we are compelled to proceed upon a new 
group of false suppositions. To determine the laws which 
regulate the friction of surfaces, it is necessary to assume 
that every part of the surfaces of contact are uniformly rough; 
that the solid parts which are imperfectly rigid, and the cords 
which are imperfectly flexible, are constituted throughout 
their aitire dimensions of a uniform material ; so that the 
imperfection does not prevail more in one part than another. 
Thus all irregularity is left out of account, and a general 
average of the efiects taken. It is obvious therefore, that 
by these means we have still failed in obtfdning a result 
exactly conformable to the real state of things; but it is 
equally obvious, that we have obtained one much more con- 
formable to that state than had been previously accomplished, 
and sufficiently near it for most practical purposes. 

*^ This apparent imperfection in our instruments and 
powers of investigation, is not peculiar to Mechanics ; it per- 
vades all departments of natural science. In Astronomy, the 
motions of the celestial bodies, and their various changes and 
appearances, as developed by theory, assisted by observation 
and experience, are only approximations to the real motions 
and appearances which take place in nature. It is true that 
these approximations are susceptible of almost unlimited accu- 
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racy ; but still they are, and ever will continue to be, only 
approximations. Optics, and all other branches of natural 
science, are liable to the same observations *.^ 



I. On the Lever. 

189. DfiF. A Lever is a rigid rod straight or bent, 
moveable in a certain plane about one of its points, which 
is fixed and called its fulcrum. 

190. In a lever when there is ^juilibrium the power 
and weight are to each other inver&dp <i8 the perpendiculars 
from the fulcrum upon the directions in wMch they act* 

(Both the power and weight are supposed to act in the 
plane in which the lever is moveable, which is technically 
called the plane of the lever). 

Let AB (figs. 40, 42) or AC (fig. 41) or BC (fig. 43), 
be a lever whose fulcrum is C ; A^ B the points at which 
the power P and wdght W act; CY, CZ perpendiculars 
from C upon their directions. Thai the equilibrium will 
not be disturbed by applying at C two forces P', P" -por 
rallel and equal to P, and two others W\ TT" parallel and 
equal to W. We have thus, six forces acting on the lever, 
of which (P, P") and (JT, TF") form two couples, and the 
two remaining forces P, W* being counterbalanced by the 
reaction of the fulcrum, may be removed. Hence the 
couple (P, P") whose arm is CF, balances the couple 
(TT, PF'') whose arm is CZ, consequeaitly their moments 
must be equal; 

.-. P.CY^W.CZ 

191. To find the pressure on the fulcrum C. 

We have shewn that P and W are equivalent to two 
forces P, W' acting at C, and two equ*l couples (P, P"), 
{Wy W)\ these couples may be removed because they are 



* Captain Kater's Treatise on Machines. 
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equal and opposite and therefore balance each other. It 
appears, then, that P and W are equivalent to P' and W 
acting at C Consequently the pressure on the fulcrum is 
the same as if the power and weight were both transposed 
to it parallel to themselves. v 

192. We have considered the weight of the lever in- 
considerable when compared with P and TF, but if this 
should not be the case, let w be its weight, G its centre of 
gravity. Then we may suppose the whole force w^ which 
gravity exerts upon the lever, to be applied at G; this 
force may be converted into a couple whose moment is 
w . CGy and as there is equilibrium between the three couples, 
the sum of the moments of the two which act in one direc- 
tion (i. e. positive or negative) must be equal that of the 
third ; 

.-. P.CY-^-w.CG^ W.CZ, 

is the equation of equilibrium in this case. 

193. Examples of levers of the same kind as the one 
in fig. 40, are the common balance, steelyards, pokers, &c. ; 
and scissors, pincers, Sec. are instances of two such levers 
having a common fulcrum. 

Examples of levers of the same kind as those in figs. 
41, 43, are the oars and rudders of boats, cutting-knives 
moveable about one end^ &c. ; and tongs, sheep-shears, &c. 
are instances of the combination of two such levers with a 
common fulcrum. 

Examples of the bent lever, in fig. 42, are gavelocks, 
jemmies, bones of all animals, &c. 

194. We have defined a lever to be a rigid rod, but 
we may consider any rigid body having a fixed axis as a 
compound lever, whose fulcrum is the axis ; and if powers 
P„ Pgj J^3-*-^n> ^ct upon this lever, and balance the weights 
W,, W,, W, TT,, then 

P}Pi + P:iP2 + + PvPn = ^i«^i + TFgU^g + + Tr«w,„ 

or 2(Pi>) « 2(»rw). 
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The powers and weights being supposed to act in planes 
at right angles to the axis, and p,, p2---P«? w?i> Wg.-.M^m 
being the respective perpendiculars from the axis upon the 
directions in which the powers and weights act. 

This may be proved as before, by converting the powers 
and weights into couples, and then transposing them into 
one plane ; and it will also appear, that the pressure on the 
axis' or fulcrum is the same as it would be if all the forces 
were transported in their own planes parallel to themselves 
to the axis. 



II. On the Pulley. 

196. Def. a Pulley is a wheel of wood or metal, 
turning on an axis through its centre at right angles to its 
plane, and usually enclosed in a frame or case, called its 
blocks which admits a rope to pass freely over the circum- 
ference of the pulley, in which there is usually a groove 
to receive it and prevent its slipping out. The pulley is 
said to he Jiwed or moveable, according as its axis is sta- 
tionary or not. An assemblage of several pulleys is called 
a system of pulleys. 

196. It will be necessary before investigating the pro- 
perties of the pulley to premise, that if a cord be stretched 
by two equal forces applied at its extremities in contrary 
directions, there will be a tendency to break; the force 
which the rope, in consequence of the cohesion of its par- 
ticles, exerts to resist this tendency, must be equal and 
opposite to that which causes the tendency ; it is called the 
tension of the rope. Hence tension is a force which is 
exerted equally in every part, tends from the extremities 
of a cord towards the middle, and is always equal to either 
of the equal forces, by which the cord is stretched. If 
one end of the cord, instead of being acted on by a force, 
be fastened to a fixed point, the tension will not be altered ; 
for the fixed point will, by its reaction, exactly supply the 
place of the force. 
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197* In the single ^fiived pulley when there i» equilU 
hrium the power and weight are equal. 

.Let JBK (fig. 44) be the pulley^ C its centre, CN its 
block ; P and W the power and weight acting at the ex- 
tremities of the cord passing over the puBey, and having 
the part AB in contact with it. Then we may consider the 
pulley ABK as a lever whose fulcrum is C ; and therefore 
drawing the radii CA, CB to the points A and 5, we have 

P. CA^ W.CB; 
.-. P^JV. 

Hence it appears that no mechanical advantage is gained 
by the use of this pulley ; the only purpose for which it 
is used is to change the direction in which a force is trans- 
mitted. 

198. To determine the pressure on the fulcrum C. 

Transpose the forces P and W to that point, and put 
9 for the angle at which AP and BW are inclined to each 
other, and let R be the pressure, which is, of course, the 
resultant of these transposed forces, and bisects the angle 
between them ; hence resolving these forces in the direction 
of R, we find 

T. « ^ « ^ 

J? = Pcos - + Pcos - 

„ 9 
■=2Pcos-. 

2 

This pressure is transmitted to JV, the fixed point to 
which the block is attached. 

199. In the single moveable pulley when there is equi^ 
librium the power is to the weight :: 1 : 2 x cosine of half 
the angle between the strings. 

Let the power P act at the extremity P of the cord 
PABD (fig. 45), which passing under the pulley has the 
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part AB in cxmtact with it ; and its other extremity fastened 
at D. The wdght W hangs from the block at N. 

Exactly as in the last case, we find the pressure on the 
centre C to- be 

„ 9 

2Pcos-, 
2 

9 being the angle between the strings AP, BD; this force 
is transmitted through the block in the direction CN, bi- 
secting the angle ; wherefore the action of W must be equal 
to it and in the opposite direction^ otherwise there cannot 
be an equilibrium ; 

Q 

•and consequently P : W :: 1 : 2 cos - . 

2 

200. No mechanical advantage can be gained by the 
use of this pulley, unless 

2 cos - > 1, 
2 ' 

, 

and .'. cos - > i > cos 60° ; 
2 -* 

.-. < 120° ; 

that is, unless the strings are inclined to each other at a 
less angle than 120°. 

The greatest possible advantage will be gained when the 

Q 

strings are parallel, for then 9 =» 0, and cos - = 1, 

and therefore FT =2 P. 

201. If the weight of the pulley and its block be con- 
siderable, it must be considered as an additional weight, and 
added to W in the above expressions. 
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202. To Jind the conditions of equilibrium in a system 
of pulleySy where each pulley hangs by a separate strings 
the strings being all parallel. 

Let Axi J29 -^g,... (fig. 46) be the pulleys; Jf,, JIfa, J/3... 
the points where the strings are fastened to an immoveable 
block. Then P is the tension of the string passing under 
Ai. The two strings AiPj A^Mi have to support the tension 
of N^A^; so N1A2 and M2A2 support that of A^2^s, and so 
on; therefore, 

(P «=) tension of AiP : tension of N'lAi :: 1 : 2, 
tension of N1A2 : tension of N^A^ :: 1 : 2, 

tension of JVj-^a : tension of N^W (-: W) :: 1 : 2 ; 



.'. P : MT :: 1 X 1 X 1 X : 2 x 2 x 2 

If n be the number of moveable pulleys, then 

P : »r :: 1» : 2»; 

.*. w^rP. 

203. If the weights of the pulleys and blocks are con- 
siderable, let Ai9 As^A^.,. represent the weights of the pulleys 
and blocks denoted by those letters in the figure; and let 
3^15 7^2. •• be the tensions of the strings JV,-4g, JVg-ig... Then, 
as before, the weights of the pulleys must be added to the 
tensions of the respective cords which they support; 

Similarly, 7'j, = 2 7', -J, 
P3 ■■ 2 7^ — -^3 

and so on, the law being manifest; then, since the tension 
of the last string « JF, we have 

Tr= 2»P - ^'-'Ai - 2"-M2- 2'-8^3 - ^A^. 
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, It appears from this expression, that the iveights of the 
pulleys diminish the advantage of this system. 

204. If all the pulleys are equal, then 

W^ 2"P - A^ (2"-^ + g—^ + + 1) 

= 2"P- A. . 

2-1 

«2"P- (2»- 1)^1 

-2»(p- ^0 + ^; 
.-. fr-^i«2«(P-^o- 

Hence, if we suppose both the power and weight dimi- 
nished by the weight of a pulley, we may then neglect 
the consideration of the heaviness of the pulleys. 

205. In the system (fig. 47) where each string is at- 
tached to the weight, let Ti, Tg... be the tensions of the 
first, second... strings; then if the weights of the pulleys 
are inconsiderable, we have 

rg = 2ri=:2P, 

r3 = 2r8 = 2«p, 
r4«2r3 = 23p; 

and if there be n separate strings, 

r„ - 2»-^p. 

Now W is supported by the tensions of the n strings 
fastened to the block £, and 

.-. fr= 3^1+^2 + + r, 

«P(l+2 + 22 + ...2«-^) 

^ 2»-l 
«P. 



K 



2-1 
P(2" - I) 
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206. In the system (fig. 48), let jTi, 7^... be the tensions 
of the first, second... strings; then Tj-P; and T^ has 
to support three tensions equal to P; therefore 

and if there be (») different strings^ the tension of the last is 

T, « S^'^P. 

Now the weight W is supported by two strings whose 
tensions are Ti, two of which the tensions are Ta, &c. ; 

.-. W^ 2T^ + 2T2 + +2r, 

«2P.(1 +3 + 3*+ *3»-') 

^ 3» - 1 

«2P. 

3-1 

^P.^S"" - 1). 

Remabe. If the weights of the pulleys and blocks are 
not inconsiderable, they may be taken into account, in this 
and every other system, by adding each to the tension of 
that string which supports it, as in Art. 203. 

207. In the system, fig. 49, the weight W is sup- 
ported by the tensions of all the strings at the lower block, 
and as it is the same string which passes round all the 
pulleys, the tension of every part » P ; wherefore, if there 
be n pulleys in the lower block, there are 2n strings sup- 
porting the weight, and therefore 

Pr=2nP. 
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III. On the Wheel and Aode. 

208. The wheel and axle consists of a cylinder and a. 
wheel firmly attached to each other, and being moveable 
about a fixed axis coinciding with the axis of the cylinder, 
and passing through the centre of the 'wheel at right angles 
to its plane^ as in fig. 50. 

The power P acts by means of a «ord wrapped round 
the circumference of the wheel C, and the weight W is 
fastened to a cord which is wound upon the cylinder AB 
as P turns the machine round its axis ; and thus W is 
raised. 

209* To jind the condition of equilibrium on the wheel 
and awle. 

We may consider P and W as forces acting upon a 
rigid body with a fixed axis, and therefore their moments, 
about that axis must be equal; 

.'. P X (perpendicular upon its direction from the axis),. 
= W . (perpendicular upon its direction from the axis). 

Now these perpendiculars are respectively the radii of* 
the wheel and of the cylinder; 

.'. P. (radius of the wheel) = W . (radius of the axle). 

210. If the thickness of the rope be considerable, i% 
must be taken into account. 

We may suppose the actions of P and W to be tran&« 
mitted along the middle or axis of the rope, and then the 
perpendiculars upon the directions of P and W will be 
respectively equal to 

radius of wheel + radius of rope, 
and radius of axle + radius of rope, 
and the condition of equiUbrium is 
P . (rad. wheel + rad. of rope) « ^^(rad. axle + rad. of rope). 

This diminishes the advantage of the machine. 

k2 
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211. The pressure on the axis of this machine may be 
found by transposing P and W in their own planes, parallel 
to themselves, to the axis. 



IV. On the Inclined Plane. 

212. This machine is nothing more than a plane inclined 
to the horizon. The condition of equilibrium may be thus 
found. 

Let JB((ig.51.) be the plane; AC parallel and BC 
perpendicular to the horizon ; W the weight, P the power. 
Draw WR perpendicular to the plane, WG perpendicular 
to the horizon. P is supposed to act in the plane RWB. 
The weight W is kept at rest by three forces, viz. P in 
the direction PTP; gravity (= W) in the direction WG^ 
and reaction R of the plane in the direction WR. 

Denote the angle PWB by 0, and the inclination BAC 
of the plane to the horizon by i; and resolve the three 
forces, 'acting on the point IF, in a direction parallel to the 
plane, the sum will be 

Pcos PWB - WcosAWG + R cos RWB 
e Pcos 6 — W, sin i. 

But since there is an equilibrium, this sum must be 
equal to zero, 

.'. P cos = Wsin if 
which is the condition of equilibrium. 

213. If P*s direction should happen to be parallel to 
the plane, 0»0 and cos d s i ; 

.% P= Wsin i. 

But if P's direction should happen to be parallel to the 
horizon, d « - i and cos (- i) = cos i ; 

.*. Pcosi = Wsini; 

.-. P= fTtani. 
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214. To find the reaction of the plane. 

Resolve the forces in a direction at right angles to that 
in which P acts ; 

.-. R sin RWP - TFsin GWP = 0, 

or RcosO - JTsin (90 + i + 0) » 0; 

cos (f + Q) 



.'. R^W. 



cos Q 



V. On the Screw. 

215. This mechanical power is a CDmbination of the 
lever and inclined plane ; it may be conceived to be thus 
generated* 

Let ABCD (fig. 52) be a cylinder ; BEFC a rectangle 
whose base BE is equal to the circumference of the cylinder. 
Divide this rectangle into any convenient number of equal 
rectangles GE, IH9 CK; and draw their diagonals BII9, 
GKj IF. Then, if this rectangle CE be wrapped upon 
the cylinder, so that BE coincides with the circumference of 
the base, E^ H^ JT, F will respectively fall upon the points 
5, G, /, C of the cylinder, and the lines BH^ GK, IF 
will trace out upon its surface a continuous spiral thread 
BLGMINC winding uniformly up the cylinder. The cy- 
linder is usually made protuberant where the spiral line 
BLGMINC falls upon it so that the thread becomes a. 
winding inclined plane, projecting from the cylinder as in 
fig. 5Sy and differing from the inclined plane BH* in no- 



* The following illustration renders this very dear :-* 

'^ When a road directly ascends the side of a hill, it is to be considered asr 
an inclined plane ; but it wiU not lose this mechanical character, if, instead of 
directly ascending towards the top of the hill, it winds successively round it, and 
gradually ascends so as after revolutions to reach the top. .In the same manner a 
path may be conceived to surround a pillar by which the ascent may, be facilitated 
upon the principle of the inclined plane. Winding stairs constructed in the interior 
of great columns partake of this character ; for although the ascent be produced by 
successive steps, yet if a floor could be made sufficiently rough to prevent the feet 
from slipping, the ascent would be accomplished with equal facility. In such a 
case the winding path would be equivalent to an inclined plane, bent into such a 
form as to accommodate it to the peculiar circumstances in which it would be 

required 
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thing but its winding course. This is the external screw. 
The internal screw is formed by applying the parallelogram 
BEFC to a hollow cylinder, equal to the former, and 
making a groove where the thread falls to fit the protuberant 
thread of the external screw. This internal screw is often 
called a nut^ and the other the screw. When the two screws 
are thus adapted to each other, the external or the internal 
screw, as the case requires, may be moved by means of a 
lever about their common axis, as in Figs. 54, 55. The 
force being applied to the lever at right angles to it, in a 
plane parallel to the base of the cylinder. 

The screw Aod nut ithns applied to each other, resemble 
two inclined planes, such as BHG and HBE^ one of which 
is laid upon, and slides down the other ; and as the planes 
wind round the cylinder a rotatcx-y motioo ensues. When 
the machine is worked, the weight is laid upon the nut, 
and thus causes its inclined plane to press upon that , of the 
screw in the direction of gravity. The consequence would 
be, that the nut and weight with it would begin to slide 
down the thread of the screw and descend, but this is 
prevented by confinii^ the nut so that it cannot have a 
rotatory motion, but only one of ascent or descent. The 
£crew is then turned round by means of a lever passing 
through its head, and thus its inclined thread sliding under 
that of the nut, forces the nut and the weight upon it to 
ascend, just as by pushing the inclined plane EBH in the 
direction £J?, the plane GBH would be made to ascend. 
One turn of the screw raises the weight through an altitude 
equal to the distance between two threads. Sometimes, 
however, the nut is firmly fixed so as to admit of no mo- 
tion whatever, (as in Fig. 54); and then the thread of the 
screw, in sliding under that of the nut, forces the screw to 
descend and press violently against any obstacle which may 
be opposed to it {n soane cases the wdght is not applied 



required to be used. It win not be difficult to tiace die resemblance between 
such an adaptation iif the inclined plane and the appearances presented by the 
thread of the screw ; and it may hence be easily understood that a screw is nothing 
more than an inclined plane, constructed upon l!he surface of a cylinder."— Captaiv 
Kater's MachtMS. 
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to the nut, but to the screw ; hnt as the two ineiined planes 
are perfectly equal and similar, it will require the same 
force to support a weight on (me as on die other, and ior 
this reason one investigation will serve for both. 

As before observed, the screw is worked by applying a 
power P at the end of a lever; and the moment of P to 
turn the screw round 

= P X length of the lever, 

and therefore P is equivalent to a force 

P X length of the lever 
rad. cylinder 

acting immediately at the thread of the screw in a horizontal 
direction parallel to that in which P acts. Now the inclined 
plane on which W rests, by means of the nut, is only BH 
wrapped round the cylinder; its inclination to the horizon 
or base of the cylinder is therefore HBE. 

Hence, we have 

^ length of lever ^„ „^„ 

rad. of cylinder 

SE 



W. 



distance between two threads 
circumf. of cylinder 



But the radii of circles are proportipnal to tbeir circum- 
ferences ; 

^ length of lever circumf. described by power 
rad. of cylinder circumf. of cylinder 

circumf, by power dist. between two threads 

' circumf. of cylinder ' circumf. of cylinder 

_ dist. between two threads 

* circumf. described by power ' 

As the distance betweai two successive threads can be 
made very small, and the circumference desoibed by the 
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power as large as we please, the advantage of this machine 
is very great ; and it is remarkable, that it does not depend 
upon the thickness of the screw. 

VI. On the Wedge. 

216. A wedge is the solid figure defined by Euclid 
(Book XII. Def. 4) as a triangular prism. Its two ends are 
equal and similar triangles, and its three sides rectangular 
parallelograms, (see fig. 56). It is principally used in split- 
ting timber, and separating bodies which are very strongly 
united, and in raising very heavy weights through a small 
altitude, for the purpose of introducing a lever, or some 
other more convenient machine. AB is called its edge, 
CDEF its head, CABD and FABE its faces. 

When used, its edge is introduced into a small cleft 
prepared to receive it, and then by violent blows with a 
hammer on its head its body is driven between the sub- 
stances, which are thus separated by an interval equal to 
the breadth of the head. After this, a larger wedge may 
be introduced, if necessary, and treated as before, until the 
requisite degree of separation is efiected. 

As the wedge is driven in. by violent blows, if its sides 
were perfectly smooth it would start back by the pressure 
of the obstacles upon them in the interval between the 
strokes ; and thus we should fail in effecting and maintaining 
the requisite degree of separation, and the machine would 
be rendered useless. In practice, however, the friction in 
this machine is always so great as to prevent any recoil, 
and forms, in fact, the principal resistance to be overcome 
in driving the wedge. The mode of working this machine 
will at once present itself to the reader as being totally 
different in principle from that of all the other machines 
we have described. These are made to work by the con-^ 
stant and steady exertion of a power, uniformly pressing 
upon that point of the machine at which it is applied, and 
gradually producing motion in the weight ; but in this 
machine motion is accumulated in a hammer, by suffering it 
to descend from an altitude, and is suddenly by an impulse 
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transferred to the wedge. In this case it must evidently be 
a useless labour to attempt to calculate the ratio of P to 
W, when they act by pressures, as in the other mechanical 
powers, and are in equilibrium. It is true, when we know 
this ratio, a slight increase* of P will gradually produce a 
motion in Wy and thus separate the obstacles ; but this 
mode of working the machine is so widely different from 
that actually practised, that it would be a waste of time 
and labour to attempt an explication on Statical principles. 
A slight stroke with a hammer is found to be far more 
effective than several tons of pressure. Tlie only theoretical 
property of the wedge which agrees with practice is that its 
advantage is increased by diminishing its angle DBE. 

All cutting instruments, such as knives, swords, hatchets, 
chisels, planes used by carpenters, nails, pins, needles, &c. 
are modifications of the wedge. Of these, knives, planes, 
pins and needles, are usually worked by pressure, but swords, 
hatchets, chisels, nails, &c. are worked by percussion. 
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217* If the nature of a machine be such, that when 
the power and weight balance each other in one position 
of the machine they will balance in every position of it, 
a very remarkable property appertains to it, deducible from 
the principle of virtual velocities, which we may state as 
follows : 

The power is to the weight as the space moved through 
by the weight when the machine is put in motion is to the 
space moved through by the power in the same time ; the 
spaces being measured respectively in the directions in which 
the power and weight act. 

Let the whole space (measured thus) through which the 
power P moves be divided into a very large number of 



* This, however, supposes the sides to be perfectly smooth, for otherwise the 
friction itself, without the assistance of any power at all, would preserve the 
equilibrium. 
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spaces 9i, Sf*9 and let s'l, s\.^. be the corresponding spaces 
described by the weight W; then 

/ f . f ^ 
S mSi-^S2+ 

Sut because P and W are always in a position of equilibrium ; 
8if «'i, are their virtual velocities for the first position ; 

.-. Psi + Ws'i = 0, 

Similarly Ps^ + W$\ "= 0, for the 2nd position 

P«3 + TT*', s= 0, Srd 



P 8' 

• • ■■ ^^ ^^ 



• 



This equation expresses the property enunciated. The nega- 
tive sign points to the fact, that the direction of the action 
of one of the two forces P, W is opposed to the direction in 
which the point moves on whidi it acts. 

Mechanical powers possessing this property are ; — 

(1) The strai^t lever supporting weights. 

(2) All the pulleys in which the strings are parallel. 
(S) The Wheel and Axle. 

(4) The Screw. 

(5) The Inclined Plane, only when the Power hangs 
by a string passing over the top of the plane. 

WHITirS PULLEY. 

218. In the common systems of pulleys each pulley has 
its own independent centre of motion ; and consequently as 
they all move with different velocities and with different 
degrees of pressure^ some of them will be liable to greater 
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wear than athers, which will very much tend to increase 
the. friction and other inequalities and resistances; and will 
greatly diminish the efficiency of the machine. To ob* 
viate these difficulties, Mr James White invented a system of 
pulleys (fig. 57)9 consisting of two blocks A^ B % into which 
grooves were oit, the radii of those in the upper block 
being as the numbers 1, 3, 5«.. and the radii of those in 
the lower block being as the numbers 2, 4, 6... Now, sup- 
pose the lower block to be raised through one inch, then 
each of its strings will be shortened one inch, and therefore 
the circumference of the pulley BB^ describes one inch ; that 
of AAi^ two inches ; that of BB^, three inches, and so on ; 
which numbers being proportional to the radii of the re- 
spective pulleys, tliey will all move with the same angular 
velocity ; and, consequently, each block instead of being 
composed of separate pulleys may consist of one solid piece 
of wood or metal, containing the grooves before mentioned. 
The disadvantage of this system is, that if the cord be at 
all elastic it cannot be kept stretched in every part on ac- 
count of the tension not being the same throughout, so that 
the smaller grooves are rather a hindrance to the motion 
than a help. 

HUNTER'S SCREW. 

219* We have se^i (Art. 215) that the advantage of 
a screw increases in proportion as the di^ance between the 
threads diminishes, and as the length of the lever at which 
the power acts increases ; therefore, by making the d^reads 
of the screw sufficiently fine, we may increase the advantage 
as much as we please; but th^e is a limit to the fineness 
of the threads; for as all the weight is borne upon them, 
if they are too ^ne they will not be sufficiently strong to 
bear the load. If we, on the other hand, increase the 
length of the arm of the lever, with the view of increasing 
the advantage of the screw, the power will have to describe 
on inconveniently large circle. To obviate these natural 
defects, and yet increase the advantage to any degree, 
Mr Hunter invented the screw in fig. 58 ; ^ and B are two 
common screws, of which A is also a hollow screw to admit 
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i?, which IS fastened to the moveable plate D of wood or 
metal. If 2), d be the distances between two threads of 
the screws A^ B respectively ; then, while the power describes 
one circumference, A descends through X>, and B ascends 
in A through d^ and the space descended by the plane D 
is 2) — d ; for when A descends it carries B along with it, 
though B is at the same time ascending in A. Wherefoi*e, 
by Art. 217, 

P . (circumf. described by P) = FT . (2) - d) ; 

W circumf. described by P 

• • _^ "^ ' _^ • 

P D-d 

Now we can make D and d as nearly equal as we please 
without diminishing the strength of the machine, and there- 
fore the advantage of this screw admits of indefinite increase. 

220. It appears from Art. 20g, that the advantage of a 
wheel and axle is 

rad. of wheel 



rad. of axle * 



which might theoretically be augmented ad libitum^ either 
by increasing the radius of the wheel, or by diminishing 
that of the axle. But by the former means, the power 
would practically have to describe an inconveniently large 
space, and the machine would become cumberous; and, in 
the latter case, it would be too weak to bear the pressure 
of the weight upon its axle. To remedy these inconveni- 
ences, and at the same time to increase the advantage in 
any requisite degree, the form of fig. 59^ has been given to 
it; where A is the wheel, B and C two axles of unequal 
radii, firmly fixed to each other, and having the same axis. 
The cord BDC as P descends is wound upon the axle B 
with the larger radius, and is at the same time unwound 
from the axle C with the smaller radius ; it passes under 
a pulley Z), to which the weight W is attached. Let R 
be the radius of the wheel, rr those of the axles jB, C Then 
when the machine turns once round, P descends through 
Stt-R, and the length of the cord wound upon B is 27rr, 
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and the length unwound at the same time from C is Stt/; 
wherefore, upon the whole, the length of cord hanging down 
from the axles is diminished by 

27rr -2^/; 
and, therefore, W has ascended through 

Wherefore, by Art. 217, 

P : W :i Trr-Trr' : 2xjR, 

T " r : 2J?; 






, J W 2i? 

.*. the advantaG:e = — = . 

As we can diminish the denominator 'of this fraction as 
much as we please, without weakening the materials of the 
machine, there is no limit to the advantage of it, except 
what arises from the very great length of cord that must be 
used in raising W through a very small space. 
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221. This instrument is represented in its simplest 
form in fig. 60, where AF is the profile of a frame in 
which the rods AB^ BC work. AB is moveable about a 
fixed axis passing through A\ it is connected with BC by 
a compass joint at B\ and the other end C of Bd by 
means of a pin passing through it, is compelled to move 
in the vertical groove EF. The power is applied at G, a 
point in AB^ in the plane of the rods ABC. It causes B 
to come nearer to AF\ and, consequently, C presses down- 
wards upon any obstacle opposed to it. It is obvious this 
machine is only applicable in those cases in which C is 
required to descend through a small space, as in printing, 
where it presses the paper upon the type. 

Let FT =3 the reaction at C, P the power applied hori- 
zontally at G, = the angle BAF, a ^ AB^ b « JJC, c « AG^ 
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and let GP intersect AF in p. Then Gp « c sin 9^ and 
therefore the virtual velocity of P 

= d(Gp) -CCOS0 . de. 

Also AF ^acos9 + b cos SC-4, therefore the virtual ve- 
locity of W 

= d(AF) « - a sin 0rf0 - ft sin SCJ . d(BCA), 
Now sin fiC J = 7 sin d ; 

and .-. cos BC A . d(BCA) - ^ cos 9d0; 



/. the virtual velocity of W 

. ^ ,n . ^ o cos^dfl 

» — a sm . ad - a sin • r . 



ft cos JBC J 



(a cos9 \ . ^ ,^ 
1 + 7 • TTTTi I . a sm . dft 
ft cos BCAJ 



Wherefore, by Art. 114, the advantage of the machine 

W c cos 9d9 



P f a cos 9 \ 



{'"■l 



. a sin 9d9 



cos 5C J J 

c ft cos £C^ . a cos 9 

a ' a sin 9(a cos + ft cos BCA) 

AG.Cb.hA 
^^AB.Bh.AC' 

where JBft is drawn parallel to GP. 

222. A combination of wheels and axles may be used 
instead of the machine in Art. 220, when that is incon- 
venient and great advantage is required. Fig. 6l represents 
a combination of three of these mechanical powers. An 
endless strap passes over the axle a and the wheel J?, and 
another strap passes over the axle ft and the wheel C If 
two successive wheels ^e required to turn in opposite 
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directions, the strap must be crossed as between A and R 
in the figure; when the wheels are to turn in the same 
direction, the strap must not be crossed. B and C are 
turned by the friction of the straps upon their surfaces; 
and hence it is manifest^ that if the force to be overcome 
by any wheel be greater than the friction of its strap, the 
strap will slip round without carrying the wheel with it, 
and the action of the machme will cease. Wherefore, in 
order to make the friction upon the surfaces of the wheels 
and axles as great as possible, they are covered with leather, 
which i& nailed or glued on them; and both this leather 
and the concave side of the straps are suffered to be in a 
rough state; the friction is also increased by crossing the 
straps. 

To calculate the advantage of this combination, denote 
the tension of the strings d and e by T^ T' ; then since P 
balances the tension T on the axle a, we have, by Art. 209, 

T rad. of wheel A 



P rad. of axle a 

^. ., , T rad. of wheel B 
Similarly, --—j-^—j-^, 

W rad. of wheel C 
T^ rad. of axle c 

and, therefore, by multiplying these equations together, we 
have 

W product of radii of all the wheels 
P product of radii of all the axles 
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223. By far the most general modification under which 
wheels and axles are used in practical Mechanics^ is that of 
toothed wheels. 

Let Af a (fig. 62) be the centres of two wheels BC, be; 
upon the circumferences of which let teeth or cogs Dy E^ F % 
dy ^9 fi o^ A^y proposed form5 be raised at equal distances 
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all round ; in order that this may be possible, the radii of the 
two wheels must be in proportion to the number of teeth that 
are to be constructed upon them. If one of the wheels (be 
for instance) be turned round its axis a, its teeth will press 
upon the teeth of the other wheel BCy and turn it round its 
axis A in a, contrary direction, and as two corresponding 
teeth Fjf separate from each other in consequence of the 
motion, two others 2>, d come in contact ; and thus the 
wheel a is enabled to produce a continuous motion in the 
wheel J. Similar teeth are constructed upon the axles of 
each wheel, and the axle so prepared is called a pinion, and 
its teeth are called leaves. From the nature of the wheel 
and axle it is manifest that motion is communicated to each 
wheel, in this modification, by a pinion in which it runs as 
in fig. 65, where P descending turns with it the pinion a 
which turns the wheel £, and this carries with it the pinion 
b which turns the wheel C and axle c, and raises the weight 
W. In this case, as in Art. 222, it is clear that 

W product of the radii of the wheels 
P product of the radii of the axles 

radius of A product of number of teeth in the wheels 
radius of c product of number of leaves in the pinions * 

Here there are no teeth in A and e, on which account we 
have not reduced their radii to equivalent numbers of teeth. 

224. In the description of toothed wheels we have 
said that the teeth or cogs are to be of any proposed form, 
because in fact they are commonly «made in any form that 
meets the fancy of the maker. It must not be imagined, 
however, that all forms are equally advantageous, as we shall 
easily understand by referring to fig. 62, and tracing the 
actions of the teeth upon each other during their motion. 
Suppose be to begin to turn round, and let us trace the 
actions of d and 2). When d first comes in contact with 2>, 
the latter presses against the side of d in a single line of 
points, very near the extremity of d, in the direction of a 
normal to the side of d, that is, in the direction pD perpen* 
dicular to the radius ad. Therefore, drawing Ap parallel to 
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ad^ the action of d may be transmitted to p, and its 
efficiency varies as A p. But as the wheel be continues 
turning, the point of contact D slides along the side of d, 
and thus produces a very strong friction, and consequently 
rapid wear both of the side of d and of the edge of the 
tooth Z>. This goes on till d and D come into the posi- 
tion e and E^ when their sides are for a moment in contact, 
and th^n the efficiency of d in turning D varies as AD. 

When the teeth d and D leave this position a similar 
action to what has just been described commences, only it 
is in a reverse order; and the edge of the tooth d presses 
against and rubs the side of the tooth Z>. 

Tt appears then, with teeth of the form of those in this 
figure, — 

1st. That the efficiency of the pressure which one tooth 
exerts upon another, and consequently the motion produced, 
is very irregular, being in one position proportional to Ap, 
and in another to AD. 

2ndly. That the edges of the teeth are subject to very 
rapid wear in consequence of rubbing with a single line of 
points in contact with the sides of the teeth of the other 
wheel, which latter is thereby also very soon worn hollow, 
and the whole rendered useless. 

Srdly. That in consequence of the rubbing of the teeth 
against each other much of the power is rendered ineffec- 
tive. 

4thly. That since there are favourable and unfavourable 
positions, the power must be sufficient to move the weight in 
the most unfavourable position with the requisite degree of 
celerity ; and consequently, when the machine is in the 
most favourable position there will be an excess of power 
which will cause the machine to move much too rapidly, 
and often produce fractures; nothing in fact having so 
great a tendency to tear asunder the parts of a machine 
and render it useless as an irregular motion of«this kind. 
L 
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From these oon«iderations it will at once be evident that 
the best form of the teeth will be, when, — 

Ist. The teeth of one wheel press upon those of the 
other in such a direction that the efficacy may be uniform ; 
that is, such that the perpendiculars upon that direction 
from A and a are of constant lengths. 

2ndly. The teeth of one wheel do not f«6 but fM 
upon those of the other. 

Srdly. The motion of one tooth upon another is uniform. 

When these conditions are fulfilled, it is also necessary 
that the distances of the axes of the wheels should be such 
that as great a number of teeth may be in contact at one 
time as possible, and that there may be no jolting nor 
violence of any kind when two teeth separate or come in 
contact. These precautions will very much diminish the 
chances of fracture. 

Many forms of teeth have been proposed fulfilling one or 
more of these conditions, but it seems to be agreed on that 
the following is the best. 

225. Let ABD (fig. 64) be a given wheel on which it 
is proposed to erect teeth; and let AB be the proposed 
breadth of a tooth. Upon AD wrap a string and fasten it 
at Z). Then unwrap it, beginning at A^ and its extremity 
A will trace out the curve Aa called the involute of the 
circle AD. In a similar manner, describe the involute Bh 
intersecting the former in C\ then ACB will be the tooth 
required, which may be taken as a pattern of all the others 
to be formed upon the wheel. In a similar manner the 
leaves of the pinion may be found, by first constructing a 
pattern by means of the involute of its circumference. Let 
PL be a position of the thread whose extremity generates 
the involute Aa\ then we may suppose the point Z to be 
fixed for an instant, and therefore P will begin to describe 
an arc of a circle whose centre is £, and therefore PL is 
a normal to the curve AC^ and OL the perpendicular upon 
this normal* is constant. In the same manner it may be 
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shewn, that the perpendiculars upon the normals to the leaves 
of the pinion are all constant and equal to the radius of the 
pinion. Wherefore, since the leaves of the pinion press against 
the teeth of the wheel in the directions of normals at the points 
of contact, and the perpendiculars on these directions are al- 
ways of the same length, the action will be uniform, and 
consequently the motion will be uniform also. 



THE ENDLESS SCREW. 

226. This machine, represented in fig. 65^ consists of 
a screw A whose axis is BC ; and a wheel and axle Z>, E ; 
the wheel being furnished with teeth exactly fitting the 
threads of the screw. The screw is turned by means of the 
winch CP, and its thread instead of pressing against a nut, 
presses against the teeth of the wheel, and forces them for- 
ward ; each turn of the screw or winch, advancing the wheel 
one thread of the screw; or, which is the same, one tooth 
of the wheel. The winch must therefore be turned round 
as many times as there are teeth in the wheel, in order to 
turn the axle E once round. Wherefore, putting R for the 
radius of the circle described by the power P; r for that 
of the axle E, and n fpr the number of teeth in the wheel 2>; 
the circumference described by P ;8 ^^riZ, and therefore the 
space described in one turn of the wheel D 

But the space ascended by W in the same time s the 
circumference of the axle E * 

Consequently, by Art. 214, 

W ^nirR R 
n. — . 

P 27rr r 

ON BALANCES. 

227. A balance is any instrument invented for the pur- 
pose of comparing the heaviness of different bodies ; that is, 
for ascertaining their weights. 

L 2 
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The common balance (fig. 66) ^ consists of an inflexible rod 
AB, called the beam, resting upon a fulcrum C at its middle 
point; from its extremities A^ B are suspended two. equal 
scales D, E by means of fine chains or strings. The fulcrum 
C and the points of support are in the same straight line, but 
the centre of gravity of the beam is a little below C. In 
this state the balance when unloaded ought to rest with its 
beam AB in a horizontal position. If a weight be put into one 
of the scales, the common centre of gravity of the scale and 
its load will be in the vertical passing through the point of 
support^ (Art. 131) ; and therefore we may transmit both the 
scale and its load to the point of support. Wherefore, when 
weights are placed in the scales, we may suppose them placed 
immediately at A and B, and therefore the balance becomes a 
straight lever whose fulcrum is C ; and since the arms AC, 
BC are equal, there will be an equilibrium when the weights 
are equal (Art. 190). If the weights are unequal, let G 
(fig. 67) be the centre of gravity of the beam AB in the 
oblique position assumed in consequence of the inequality 
of the weights. Let w be the weight of the beam, which 
by Art. 130 we may suppose to be placed at G ; S the weight 
of each of the equal scales ; P, W the weights in D and E 
respectively ; = the inclination of the beam to the horizon. 
Then the lever is kept at rest by three parallel forces, viz. 
S -^ P at A9 S + FT at J?, and tv at Cf. The perpendiculars 
from C upon the directions of these forces are AC cos 0, 
CB cos 0, and GC sin : therefore, by Art. 194, 

(S+ P). AC cos 0-^tv. GC sin ^ {S -{- W). BC cos 0; 

.-. P . JC + tt7 . GC tan = FT . BCy 

by dividing by cos 0, and observing that AC-BC; 

W^ P AC 



.'. tan = 



w 



GC* 



The sensibility of a balance consists in the beam attaining 
considerable obliquity, when the difference between P and W 
is extremely small ; and therefore the obliquity attained by 
different balances when loaded with the same weights, might 
be taken as a measure of their respective sensibilities. As 



1 
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W- Pis constant in this case, and as is very nearly equal 
to tan d, we may use 

AC 



fv.GC 

as the measure of the sensibility. 

A different measure of sensibility is however generally 
used, which may be thus explained. Let S be the difference 
between W and P which produces a given very minute appre- 
ciable deviation ff (which is the same for dll balances) ; 

.'. 0^ or tan ^ = — .-;r7=; 

w GC 

GC 

the ratio of the whole pressure P+ W-^-^S + w (Art. 194) 
on the fulcrum to this weight is taken as the measure of 
the sensibility, or neglecting ff in this measure which is 
the same for all balances, and using ^P •\- ^S ^w, for the 
pressure on the fulcrum, the fraction 

P+S + \w AB 
w ' GC 

is the measure generally employed. From either of these 
measures we derive the following general results : — 

That the sensibility of a balance is increased, 

(1) By increasing the length of the beam. 

(2) By diminishing the distance of its centre of gravity 
from the fulcrum. 

(3) By diminishing its weight. 

For further information on subjects connected wth the 
common balance, the reader is referred to Captain Kater^s 
Treatise on Machines. 
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THE STEELYARD, OR ROMAN BALANCE. 

228. This instrument is a lever AB (fig. 68) with un- 
equal arms AC^ CB ; the fulcrum being C, As it is com- 
monly constructed, the longer arm AC preponderates over 
the shorter CB; let therefore G be the centre of gravity 
of the beam AB^ at which point we may suppose its weight 
w collected. And let P, a given weight suspended from p, 
balance ^, the body to be weighed suspended from B. Then 
(Art. 194) 

P.Cp + w.CG'^W'CB; 

„^ P.Cp^w.CG 
•• ^~ CB ' 

oc P.Cp + w.CG, 

w 
oc Cp + -^.CG. 
P 

Now let D be such a point that when P is suspended 
from Dy it just balances the beam ; 

.-. P.CD^w.CG; 

w 
•' CD^-p.CG; 

.-. JFoc Cp + CDoc Dp. 

It appears therefore, that the weight W is proportional 
to the distance of p from 2>. If when p is at £, W is one 
pound, then making EF, FHy HI.... each equal to DE; 

when p is at F, H^ /.... TV will be 2lbs., Slbs., 4lbs...... 

respectively, and we may number the points jB, Fy H.... 

1, 2, 3, .... respectively; and if the spaces DEy EF.... be 

subdivided into sixteen equal parts, each of them will cor- 
respond to one ounce, and we shall be able to ascertain W 
with corresponding accuracy by sliding the weight P along 
the arm AC until it comes into such a position as to balance 
TF, and then reading off its place, which will be the number 
of pounds and ounces which express its weight. 
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The practical advantage of this balance is, that it requires 
but one weight P, and the pressure on the fulcrum, on which 
the friction depends, being equal to P + TF, is less than in the 
common balance so long as the substance to be weighed is 
heavier than P; on the contrary, however, when the sub- 
stance to be weighed is not so heavy as P, the pressure on 
the fulcrum is greater than in the common balance, and con- 
sequently the friction, which diminishes the sensibility of 
the machine, is greater ; and, therefore, for the determina- 
tion of small weights the common balance is to be preferred, 
both on account of the diminution of friction and also because 
small weights can be more accurately subdivided than smaU 
spaces on the arm. 

THE DANISH BALANCE. 

229* This instrument consists of a lever AB (fig. 69), 
at one end A of which is fastened a given weight A^ and 
at the other B a dish D to receive the substance to be 
weighed. The fulcrum or point of support C is made to 
slide along AB until the beam is horizontal, and by its place 
on the graduated beam AB the weight of the substance put 
into the scale-pan is determined. The method of graduating 
the beam AB may be thus investigated. Let G be the centre 
of gravity of the instrument (including the beam, weight A^ 
and scale-pan* D)y P its weight ; W the weight in the scale 2>. 
Then we may suppose P applied at G (Art. 133), and since 
there is an equilibrium between P and W about the fulcrum C, 

.-. W.BC^P.CG = P.{BG-BC) 
^P.BG^-P.BC; 
P.BG 



.-. BC = 



P+W 



Wherefore, if P be wlbs. and TThas the values 0, 1, 2, 
3lbs BC has the values 

n.BG n.BG n.BG n.BG 
n ' w+i' w+2' w+S 



* The scale-pan is here supposed to be transmitted to B» 



I,' 
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which quantities are in harmonical progression, because their 
reciprocals are in arithmetic^ progression. The spaces 0, 1 ; 
1,2; 2, 8;.... may be again subdivided, if necessary, and 
when this beam is thus prepared, the weight W may be ascer- 
tained with as much facility as in the common steelyard ; but 
the disadvantage of this balance is, that as the weight increases 
the intervals between the divisions become smaller^ and con- 
sequently it is not so well adapted for determining large 
weights as small ones. 

ROBERVAL'S BALANCE. 

230. This machine consists of four straight rods AB^ 
Bh^ ba^ aA (fig. 70), forming a parallelogram in a vertical 
plane, and being connected by compass joints at B, by a. A; 
at C and D the middle points of the rods AB and ab there 
are fixed axes about which they are moveable ; GE, FH are 
two horizontal rods rigidly connected with A a and jS5, from 
which the equal weights P and Q are suspended. The peculi- 
arity of this balance is, that P and Q will be in equilibrium from 
whatever points of the rods GE and FH they are suspended. 
To prove this property, suppose the machine to be put in 
motion ; then if A ascends, B will descend through an equa] 
space ; and as ABba must necessarily continue to be a 
parallelogram, Aa and Bb will continue parallel to CD, and 
therefore each vertical ; wherefore E will ascend and F will 
descend through spaces respectively equal to those described 
by A and By and therefore equal to each other. It is also 
manifest, since A a and Bb continue vertical during the 
motion, that GE and FH continue horizontal, and conse- 
quently the space ascended by P is equal to that descended 
by Q, wherefore they satisfy the equation of Art. 217, and 
are consequently in equilibrium in every position. 



CHAPTER VIIL 



ON FRICTION. 



231. The resistance to rotatory and progressive motion 
in bodies which rub against surfaces with which they are in 
contact, is called friction^ and is distinguishable into two 
kinds. 

(1) Statical friction, or resistance to the production of 
motion in a quiescent body. 

(2) Dynamical friction, or the resistance which dimi- 
nishes eomting motion. 

Of these two kinds, since all machines are designed to 
work, the latter is of more importance in practical Mechanics. 

232. There are three ways in which one surface can 
move upon another, and hence both Statical and Dynamical 
friction are divided into three corresponding heads. 

(1) When the surfaces in contact are two planes. 

(2) When the surfaces in contact are a solid and a 
hollow cylinder. 

(3) When a cylinder rolls (without rubbing) upon a 
plane. 

The laws which govern the action of friction cannot be 
deduced from theoretical considerations, though theory will 
render us great assistance in our researches by pointing out 
the experiments which are most likely to lead us to the 
discovery of them, as well as shewing the inconclusiveness 
of other experiments, on which we might otherwise be in- 
duced to rely. It is to be regretted, however, that the 
experiments which have been made upon the subject by 



154 VBICTION. 

different philosophers are frequently at variance; and, con- 
sequently, the theory cannot be said to have arrived at that 
state of perfection which is desirable. 

233. The statical frictwn of plane surfaces isj tmder 
like circumstances, proportumal to the pressure. 

For let AB, a 6 be two planes in contact, placed in 
a horizontal position, the lower one AB being firmly fixed, 
but the upper one ab free to slide upon it. To ab attach 
a horizontal string bD passing over a pulley D, and having 
a dish C suspended from it. Load ab with a weight w, 
and denote the whole pressure of the plane a 6 on AB by W. 
Pour fine sand into the dish C until it begins to move, and 
then the weight of the dish and sand is the measure of the 
statical friction of the planes corresponding to the pressure W. 
If a 6 be loaded with more weights until the pressure is 2TF, 
the friction is found to be double of what it was before; 
when the pressure is STF, the friction is trebled; and so on. 
Wherefore the statical friction of plane surfaces is propor- 
tional to the pressure. 

This result was confirmed by Coulomb and Ximines for 
very considerable pressures ; in extreme cases, where the 
pressures were very large indeed, the friction was observed 
to be rather less in proportion than for small pressures ; the 
deviation from the above law was however so small, even for 
extreme cases, that we shall not fall into any very considerable 
error, in supposing the law to be universally true. 

The following method of establishing the property of the 
proportionality of the friction to the pressure, is very con- 
venient for experiments. 

Let the body W (fig. 51) be placed upon an inclined 
plane AB, and then let the altitude BC be slowly increased 
until the plane has acquired such an elevation that W begins 
to slide down it ; at this moment the friction just balances 
the weight TF, and since it acts parallel to the plane in the 
direction AB, we may consider fV as kept in equilibrium by 
a power in that direction, hence 
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friction . . ,* . ^,^v 
s sin t, (Art. 213) 



W 

W 1 



pressure cos t 
friction sin i 



;, (Art. 214) 



tan t; 



pressure cos i 
/. friction as (pressure) . tan i. 

234. The fraction , is usually called the coeffl- 

pressure 

dent of friction^ and is taken as its measure. It appears 

then, that in the last experiment the coefficient of friction is 

equal to the tangent of the inclination of the plane. 

236. It being granted that the friction is proportional 
to the pressure when the surfaces are given, then, whatever 
be the magnitude of the surfaces in contact, the friction will 
remain the same^ so long as the pressure is the same. 

Let the body W (fig. 51) have faces, whose areas are C 
and D square inches; then when the first face is in contact 
with the plane, the whole pressure is supported on C square 
inches, and therefore the pressure on each square inch, is 
equal to 

pressure 



and therefore the friction upon each square inch of surface 

pressure 
ax - — - — . tan %. 
C 

Consequently the friction upon the whole surface 

sa ~ . tan f X number of square inches 

pressure . ^ 

s ^- — - — . tan » X C 
C 

= (pressure) • tan i. 
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In the same way it may be shewn that the friction upon 
the second surface 

s (pressure) . tan iy 

and therefore the friction of a body is the same whether the 
surface on which it rests be large or small. When the surface 
is very small, the pressure on each square inch becomes very 
large, and then the friction, as observed in Art. 233^ becomes 
somewhat less in proportion to the pressure ; and therefore the 
friction is less, in a slight degree, when the body rests upon a 
small surface than a larger. 

236. These are the chief properties of statical friction ; 
it does not belong to us to investigate those of dynamical 
friction ; but to make the subject complete we shall annex 
the following summary of results which have been obtained 
by various experimentalists. 

(1) Dynamical friction is a uniformly retarding force: 
and it diminishes as the pressure increases. 

This is only true when the surfaces in contact are hard ; 
for in experiments made with bodies covered with cloth, 
woollen, &c. the friction was found to increase with the 
velocity. 

(2) In the same body Statical friction is greater than 
Dynamical friction ; i. e., it requires a greater force to put 
a body at rest in motion, than is requisite to preserve the 
motion undiminished when once it is produced. 

This was thought by Professor Vince to arise from the 
cohesion of the body to the plane when it is at rest, which does 
not happen when the body is in motion. 

(3) When a body of wood is first laid upon another, 
the Statical friction increases for a few minutes, when it 
attains its maximum, and no further alteration takes place. 
In making experiments, therefore, it is necessary to wait 
some time before the body is put in motion. 

(4) Friction between substances of the same kind is 
greater than when they are of different kinds. 
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(5) The velocity has very little, if any, influence except 
when one body is composed of wood and the other of metal, 
in which case the resistance increases with the velocity. 

(6) It is a]so found that friction is diminished by oiling 
and polishing the surfaces in contact. There is a limit how- 
ever to the latter, for if they be very highly polished, the 
resistance increases. 

(7) The friction of cylinders rolling on planes, is pro- 
portional to their pressures directly and their radii inversely. 

It is remarkable, that friction of this kind, unlike that 
between two planes, is not diminished by greasing or oiling 
the surface of the planes and cylinder. This kind of friction 
is much less than that produced by rubbing. 



CHAPTER IX. 



ON ELASTIC STRINGS. 



237. Strings made of certain substances are found to be 
elastic ; that is, they admit of being lengthened by the appli- 
cation of forces to their extremities, and regain their original 
dimensions, or nearly so, when the forces are removed. Spiral 
springs composed of steel wire, such as the one exhibited in 
fig. 71 9 are found to possess the same property in a remarkable 
degree. The connection between the force which stretches a 
string, or a spring of the kind here mentioned, and the in- 
crease of length cannot be investigated from mathematical con- 
siderations, but is to be determined entirely by experiments. 

Let MN (fig. 72) be a very smooth horizontal table ; AB 
an elastic string or spring laid upon it and fastened at A ; 
W a weight stretching the string by means of a thread passing 
over the pulley C, whose position is such that ABC coincides 
with the table. Then, if W stretches the string to 6, and 
another weight W stretches it still farther to b', it is found that 

Bb : Bb' :: W : W ; 

that is, the excess of a given elcistic string or spiral spring 
above its natural length is proportional to the weight which 
stretches it. 

238. This excess is, in different strings of the same 
make and materials, proportional to their lengths. 

For the tension of a string being the same in every part, 
if we divide the string into any number of equal parts, the 
increase of length in each part will be the same^ and therefore 
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the increase of the whole string will be proportional to the 
number of these equal parts which it contains : that is, to 
its length. 

239* Consequently, upon the whole, the increase of length 
of a string is proportional to 

(its length) x (weight which stretches it). 

Wherefore if L be the natural length of a string, and I its 
length when stretched by a weight fT, 

l-Loc L. WmC.LW; 

where C denotes a constant dependent on the material, thick- 
ness and make of the string. 

240. Suppose the string AB (fig. 73), whose length is a, 
to be suspended vertically from one end A, and stretched 
by its own weight w only ; to determine the increase of its 
length. 

In AB take any points P, Q very near to each other, 
and when the string is stretched let 6, p, 9, a be the points 
corresponding to A, P, Q, il ; /v » j9P, ^w » PQ^ y » 6p, 
^y B pq. Then ^w is stretched into hy by the weight of bp 

WW 

or BP which — — ; 

a 

.•. by -^ cw BM c . cw . — ; 

a 

therefore, dividing by Sw, and taking the limits, 

WW 

d,y - 1 = C. — ; 

a 

C ww^ ^ , 
.•. y - /p « — . , by integration ; 

.'. ab -^ AB ^—. ^-kCwa. 

Hence the increase is one half of what it would be, if 
AB were stretched upon a horizontal table by a weight equal 
to its own weight. 
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241. A weight W is now suspended from b, to determine 
the further increase of length. 

The weight which stretches pq is, in that case. 

Tr + — ; 
a 

.'. d,y-i-Cfjr+— J; 

-V 2a J 

.-. ab^AB^ CWa + \Cwa. 

242. Of this increase the part ^ Cw a we have seen is 
due to the weight of the string, and therefore CWa^ the part 
due to the weight W^ is the same as if the string had no 
weight Hence when a string is stretched by several forces^ 
each one produces the same increase of length as it would 
do if the other forces did not act. 

By way of illustration we shall add the following ex- 
amples. 

243. Two weights P, Q (fig. 74) resting on two inclined 
planes AB, AC, are connected by a given elastic string ; to 
find the position of equilibrium. 

Let a, )3 be the inclinations of AB^ AC, and that of PQ 
to the horizon ; o = the natural length of PQ ; T = its ten- 
sion. Then P is kept in equilibrium on the plane AB by the 
force T acting in the direction PQ ; 

.-. T cos APQ = P sin a, (Art. 212). 
But APQ^a-'O; 

... T^ -Psing 

cos (a - 0) * 
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QsiniS 
Similarly, r= — j^ — ^; 
^ cos (/3 + Q) 

cos (j3 4- 0) ^ cos (g - 0) 
cosdsin/5 cos sin a 

•\ P(cot)3 ■- tan d) = Q(cot a + tan 0) ; 

^ Pcot3-Qcota 1.1. /I 
.-. tan « ^— ~ , which gives Q ; 

and PQ,^aJtC .a.T 

{ C . P sin g l 
cos(g — 6)j 

From which PQ is known, and thence AF and JQ by 
means of the triangle -iPQ, whose angles are all known. 

244. r«;o egwaZ weigU% P, Q (fig. 75) are cmmcted 
by an elastic strings whose natural length w B C ; to Jind 
the nature of the curves BP, CQ, on which they will always 
rest in equilibrium with the string parallel to the horizon ; 
the plane of the curves being vertical. 

It is manifest, since the weights are equal, that the 
curves must also be equal. Bisect BC in -4, and draw AM 
vertical; JJ8«-iC=o, AM^a, MP^MQ^y, T-the 
tension of PQ; 

.-. PQ'-BC^C.BC . T, 

or 2y - 2a « C . 2a . T; 
.'. y -a «= CaT. 

But P being sustained upon the curve BP by its gravity 
P and the force T, we have by Art. 213, 

T = PdyW ; 
.*. y - a= CaPdyW\ 
•'. (y - «)' ^ZCaPafy by integration, 

which is the equation of a parabola. Hence BP, CQ are 
two semi-parabolas, whose vertices are P, C 
M 



CHAPTER X. 

ON THE FUNICULAE POLYGON, ON THE CATBNAEY, 

ON ROOFS AND BRIDGES. 



ON THE FUNICULAR POLYGON. 

245. ABCDEF (fig. 76) is a card, supposed devoid of 
weighty suspended from two points AjV in a horizontal line; 

at the knots B, C, D, E weights, Wi, W„ W„ W4 

are hung ; to determine the proportions of these weights that 
it may hang in a given form. 

From A draw Ac, Ad, Ae, J/ respectively parallel to the 
portions BC, CD, DE, EF of the cord ;' and denote the re- 
spective inclinations of AB, BC, CD to the horizontal 

line AF by a, fi, 7«....«; draw BM vertical. Then B is 
kept at rest by the tension of AB, BC and the weight Wi, 
which forces are respectively paraUel to the sides BA, Ac, cB 
of the triangle ABc, and are therefore proportional to them. 
Therefore Wi is proportional to Be. In the same manner W2 
is proportional to cd ; and they are on the same scale, for in 
both Ac represents the tension of BC ; 

W, Be BM-cM 
* IT, cd eM- dM 

AM tan a - AM tan /3 
"" AMtaxi /3 - AM tan 7 

tan a - tan )3 



Similarly, 



tan /3 - tan 7 * 

W2 tan )3 - tan 7 
W^ tan 7 - tan 5 
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It appears, therefore, that any one of the weights is pro- 
portional to the difference of the tangents of the angles at 
which the two sides of the polygon, which form the angle 
at which it is suspended, are inclined to the horizon. 

The angles MAe, MAf-, which are situated above the line 
AFj are to be accounted negative. 

246. The horizontal tension of any part of the string is 
represented by AM^ for it is the resolved part of the lines 

ABf Ae^ Ad which represent the whole tensions; and 

this horizontal tension : any weight (PFg suppose) 

:: AM: cd :: 1 : tan/J-tanfy* 

Cos. The tension of any string BC : the horizontal 
tension :: Ac : AM :: AM sec fi : AM :: sec)3 : !• 

247. If AB, BCj CD in the preceding figure, in- 
stead of being lines devoid of weight, be heavy beams of wood, 

or bars of metal, connected at the joints A, B, C^D by 

hinges, we must consider each beam as exerting by means of 
its weight vertical forces at its extremities. Thus, if «?], e<^2» 

€^3 be the weights of AB, BCy CD we may consider 

BC as exiting equal pressures ^w^^t B and C in a vertical 
direction, the centre of gravity of the beam being supposed at 
i(S middle point ; in like manner AB exerts a vertical pressure 
equal to ^Wi at By and therefore we may consider W^ + 
^(w\ + tc's) as the whole weight suspended at B. Similarly, 

the weights to be considered as suspended at C, 2> are 

respectively 

W^2 + i(«^8 + W3) ; JTs + 1(«?3 + W4) ; 

and these weights are to be used instead of those given in the 
preceding articles. 

These considerations are intimately connected with the 
construction of suspension bridges. 

248. It Wij W^jW^ are evanescent, then the weights 

to be considered as suspended are ^(tOi + ^2)9 ^(^9 + ^b) 

and if the beams are all equal, each of these become equal 

to Wi. 

m2 
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ON ROOFS AND BRIDGES. 

249, If the whole figure of Art. 245, be inverted or 
turned round the horizontal line AF through an angle of 180^, 
as in fig. 779 ^e shall find the same relations between the 
weights as before ; it will also appear, from the same reasoning 
as in Art. 247, that the weights to be considered as hanging 

from B9C9 D are the same as there investigated. In this 

state the problem contains the whole theory of roofs, arches, 
and bridges. If ABCDEF be considered as a roof, of which 
ABy BC...... are the beams, then the horizontal thrust at 

A and F tending to push out the walls on which the roof is 
erected, is represented by AM^ on the same scale as that 
wherein Be represents the weight to be supposed suspended 
from jff ; it is therefore equal to 

tan a — tan (i 

This thrust is usually prevented from taking eflFect upon 
the walls by inserting the ends, A, F of the beams AB^ FE 
into another AF called the tie-beam^ which is thus made to 
sustain the whole thrust; at other times the walls are pre- 
vented from bulging by buttresses, or shores, built against 
them. 

If it were required to construct a roof of given span witji 
given beams, which has to support given weights, we must take 
an equal number of smaller proportional beams, and connect 
them by strings or pins at the joints, so as to allow them ta 
move freely, and load them with proportional weights. Then 
if this model be suspended from its extremities at a- propor- 
tional distance, as in Art. 245, it will assume the required 
form, which we have merely to turn round AF through an 
angle of 180°, and it will be a perfect model of the required 
roof; and will possess the property of being in equilibrium 
in every part. In such a roof there will be no unnecessary 
strain on any part of the materials of which it is constructed, 
and consequently no part will require to be unnecessarily 
strong. In this simple manner we may also obtain the model 
of a bridge of given span, by taking a great number of very 
short beams to represent the arch stones, and connecting them 
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as before. If when we suspend this model-string of arch 
stones loaded with weights proportional to what (in the place 
they occupy in the bridge) they will have to sustain, we find 
that the bridge would be too lofty, we must remove the points 
of suspension farther apart, until we have obtained the proper 
altitude. This method will give us a bridge, in perfect equi- 
librium in every part, and in whiph there is, therefore, no 
injurious strain, no useless strength, nor dangerous weakness 
in any part. 



ON THE CATENARY. 

A Catenary is the curve assumed by a fine chain or flexible 
string when suspended from its extremities. 

260. To investigate the equation of the catenary. 

Let AOF (fig. 78) be the catenary ; -4, F being the points 
from which the chain is suspended, and O being the lowest 
point of it. Through draw BOD vertical, which take for 
the axis of a?, O being the origin. From P any point of the 
chain draw PM perpendicular to OD ; and draw PT a tan- 
gent at P. 0? « OM, y = MP^ s = OP. Since there is equi- 
librium we may suppose the part OP to become rigid ; then 
since it is kept in equilibrium by the action of three forces, 
(its own weight and the tensions at P and O) which act upon 
it in the directions of the sides of the triangle MTP taken in 
order, we have 

tension at O PM ^„,^ 

tan PTM = d^y. 



weight of OP MT 

But if the chain be uniform, the weight of OP may be re- 
presented by its length «, and the tension at O by the length 
of a piece of the same chain of the length a; 

a 
.-. -2 + 1 = (d,y)' + i = (rf,«)'; 
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sdgS 

.-. 1 = 



v/o* + «* 



/. ^ + C « v^o« + ««. 
But when ^ = 0, * « 0, and therefore C = a ; 



.•. ^ + o =s \/a* + «*, 
and .*. d;^ + 2a^ = «*, 
which is the relation between any arc and its abscissa. 

251. To find the equation of the ctUenary in terms of the 
rectangular co-ordinates xy. 

The equation required is expressed in its most simple form 
by taking for the origin of co-ordinates the point B, which is 
such that OB =: a. Let then BM « ^ ; then from the last 
article, 

V a* + «* = a? ; 
= d^8 



\/ x^ — a* 



a 



y/ w — a^ 

.*. y = o log^ (a? + \/a?* - o^) + C 
But when oo ^ a^ y = 0, consequently C ^ — a log^ a ; 

.-. y = o log, . 

This is the equation required. 

252. The relation between ai and y ; and that between 
s and y may be expressed in very simple exponential forms as 
follows, 
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From the last equation we have 



a? (of \ 

- + hr-M 



as e'i 



• • 



2j7 y .y 

=C« + 6^ « (l). 

a 



Again 



2» . Z^' 



« -If 

6»-e« (2). 



253. Def,. If through B we draw BC horizontal, it is 
called the directria of the catenary. 

254. The tension of the chain at any point P is equal to 
the weight of a piece of the same chain of the length BM. 

„ tension at P TP 1 

For 



tension at PM sin PTM 

y/^ + «* 

a 
w 
a 

weight of length w 
weight of length a * 

But the denominators of these fractions are equal ; 
.*. tension at P a weight of chain of length w. 

255. Wc have supposed the chain to be uniform ; if it 
should be of variable density or of variable thickness, let p be 
such a quantity that phs may represent the mass of a small 
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dement (5« =) PQ of the chain. Then the weight of OP is 
2 (gpSs) = gfpd8 « giypdyS ; and representing the tension at 
O by ga^ we have by proceeding as in Art. 250, 

tension at O 
dsV 



weight of OP 



.". pdy8 = adyW (1). 

When p is given, this equation being integrated will give 
the form of the catenary. 

256. To find the law of density that the catenary may 
he of a given form. 

In this case the relation between x and y is given to find p. 
From the last Article we have 

(d sY 

Now the quantity which is multiplied into p is the radius 
of curvature of the curve at P, and d 8 is the secant of the 
inclination of the tangent at P to the horizon ; wherefore 

a . sec^ of the inclination 
radius of curvature 

257. To find the form of the catenary when the chain is 
acted on by a force tending to a fi^ed centre. 

Let BAC (fig. 79) be the catenary, suspended from fi, C. 
Sihe centre of force, A that point of the chain which is nearest 
to S ; therefore SA is a normal at A. Let P be any point, 
and PQ a small element of the curve, a = SA^ 8 = AP, 5« = PQ^ 
T = SPy r + Sr = aJQ, t = tension of the chain at P, ^ + 5^ = the 
tension at Q, ph = the mass of PQ, and F ■ the force which 
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acts at P towards S. Then the weight of PQ « Fp5*, which 
we may suppose to act ultimately in the direction QS. Hence 
resolving the forces, which act upon PQ^ in the direction of the 
tangent at Q or P, we have 

t + Fpla cos PQS^ t + St. 

But if we draw PP^ perpendicular to SQy we have 

S«cos PQ*y=5r; 

.-. fFpdr = t (1). 

The integral is to be taken from r = SA to r = SP. 

Again, the chain AP is kept in equilibrium by the 
tensions at A and P, and by the weight of each particle 
of it in a direction passing through S. Hence taking the 
moments of all these forces about S9 we have 

a . (tension at A) ^ pt, 

where p is the perpendicular from S upon the tangent at P. 

The left hand member of this equation is constant, and 
therefore representing it by C, we have 

^«^ (2). 

P 

Hence, combining equations (1) and (2), we have 

fFpdr ^^; 
P 

When p is given, this equation being integrated will give 
the form of the catenary. 

258. To find the law of density that the chain may 
hang in a given form when acted on by a given central 
force. 
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In this case the relations between F, r and p are given 
to find p. From the last Article we have 

Cdrp 

259. Cob. Since QP^ir^ />Sr»the weight of a 
piece of the given chain of the length QP and density p ; 
hence if the density of the chain be the same throughout, 
the equation (l) taken between its proper limits gives 

tension at P — tension at A 

s weight of chain of the length PS 

- weight of chain of the length SA, 
This result corresponds to that obtained in Art. 254. 

260. To find the form of the catenary when the chain 
%8 acted on by any forces in its own plane. 

Let AB (fig. 80) be the curve, in the plane of which 
take two lines Oa^y Oy perpendicular to each other for 
co-ordinate axes. Let JT^ Y be the components of the 
accelerating force which acts at P, parallel to Ow, Oy 
respectively. Let PQ be a very small arc; PT, QT tan- 
gents at P and Q meeting in T. From T draw TG a 
normal to the curve. 

Let w = OM, y = MP-, s = AP, Ss= PQ; w + Sw,y + Sy 
the co-ordinates of Q ; and pSs the mass of the arc PQ. 
We suppose Ss so small that the accelerating forces JT, Y 
may be considered the same for every point of it; con- 
sequently JTpSsf YpSs are the weights of PQ estimated 
parallel to Oo?, Oy respectively. Now PQ is kept at rest 
by three forces, the tension t at P, the tension t + St at 
Q, and the resultant of XpSs^ YpSs; consequently, as PQ 
may be considered rigid without disturbing the equilibrium, 
these three forces all pass through the point T; they therefore 
satisfy the conditions of equilibrium of forces acting on a 
point. Resolve the forces parallel and perpendicular to the 
normal GT; 
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and 

« ^ sin PTG - (^ + St) AnQTG- XpSa . d,w -Yphs. d,y. 

Now cos PTG ^^^— = \h y/Waif + {d^yf ; 

rad. curv. * 

and sin PTG = 1 ultimately ; 

hence by substitution and dividing by S«, we have 

and » c2«^ + Xpd^w + Ypd^y. 

By eliminating ^ between these equations, we obtain the 
differential equation of the required curve. 

[The remaining Articles of this Chapter are from the pen 
of the Rev, J. A. Coombe, Fellow of St. John^s College : 
by whose permission they are here inserted.] 

261. Prop. To find the form of equilibrium of a 
uniform inewtensible string ofi a surface and acted on by 
any forces. 

Let u = Ohe the equation to the surface, wyz the rectan- 
gular co-ordinates of any point in the string, and therefore 
of a point in the surface ; s the length of a portion of the 
string intercepted between a fixed point in the string and 
the point (ofyx) ; JCYZ the resolved parts of the forces at 
the point {ofyx) parallel to w,yy z: R the normal reaction 
at the point {wyz)^ making angles afiy with the axis of co- 
ordinates ; T the tension of the string at the point (jeyz)^ one 
extremity of an element is oi the string, and acting in the 
tangent at that point. 

Hence Td^w will be the resolved part in ^, and 
TdgW + dg{Tdtai).S8 will ultimately be the resolved part 
in w of the tension at the other extremity. 

Hence ci«(7*d« 07)5 « will be the difference of the resolved 
parts in w. 
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The other forces acting on Ss parallel td ^ are JTSs and 
II S 8 COS a, supposing the forces to act equally on every point 
of the very small element Ss. 

Now Ss being at rest under the action of these forces, we 
may suppose it to become rigid and apply the equations of 
equilibrium. Hence we have (dividing by 5«), 

d,(Td,x) + ^ + jRcosa = (l). 

Similarly, d, (Td,y) + F + /? cos /3 « (2), 

and d,{Td,%) + Z + Rcosy ^ ...... (3). 

The equations of moments may be dispensed with for the 
following reasons. Consider three adjacent points P, Q, S, 
in the curve, Q being in the middle, and the tangents PT^ 
RTy meeting in T. Then the plane containing these points 
and the tangents PT, RT will be the osculating plane. 

Now the forces JC and if cos a being supposed to act 
equally on every point of PR will have a resultant through 
Q, and so will the like forces parallel to y and z. 

Hence the whole of the forces acting on PR being reducible 
to three, lying in the osculating plane, will pass through a 
single point T in that plane ; and the equations of moments 
taken about this point will be identical. 

Recurring to the above equations, our object will be to 
eliminate T and R between them. 

Now (1). d,a? + (2). dgy + (s). dgX =» gives 

dgT + XdgW + Ydgy + ZdgSS + R (cos adgW + cos (id^y 

+ cos7d,») = 0, 

since (d,^)* + (d,yy + {d^xf = 1 ; 
and .*. dgor . d/ar + d^y . d/y + dgZ . dg^z = 0. 

Also because the tangent to the curve is perpendicular to 
the normal to the surface, we have 

cos a . d,a7 + cos j3 . d^y + cos 7 . d^z = 0. 
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Hence the above equation becomes 

d, r + Xd,w + Yd,y + Zd,x = ; 

or if XdgW + Ydtjf + Zd^x = d,«,. 

we have T + « « (4) ; 

(the arbitrary constant being included in v). 

Again, (1). d,y - (2). d^a? = gives 

T{d,yd!af - d.wd^y) + Xd,y - Yd,w + i? {cos ad^y 

- co8/3d«^} = 0. 

Now if 1 - {{d,uy + (dy«)» + (d,uy}K 

we have cos a = Td^w, cos /3 « FdyW, cos 7 = Vd^u^ 
the differential coefficients of u being partial. 

Hence the above equation becomes 

T{d,yd^(Xi - d.codtV) + ^d,y - Fd,a? + RV{d^ud,y 

- dyUdgW) = (5). 

Similarly, 

T{dtXd^z - d^ssd^w) + Zd,a? - JSrd,« + 2Zr(d,wd,a? 

- d;vf«d«jif) = (6), 

and 

T(d,«d!y - d,yd,^%) + Yd^x - Zd,y + 2fr(dyt^d,» 

-d,ud,y)^0 (7). 

Hence (5). d,w + (6). dy w + (7). d,w « gives on sub- 
stituting for T its value derived from (4), 

vd^u (d,yd/a; - d,a?d/y)\ | d,w {Yd,jff - -Ard,y)| 
+ vdyU{d,wd^x - d^xd^aiy) « /+ dyU{Xd^x - Zd,a^))...(u4). 
+ tJd^w {dgxdg^y - d^yd^^x) | f+ d«t^(Zd«y - Fd,«) 

This equation together with w = are the equations to the 
curve of double curvature into which the string is arranged. 
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262. Cob. l. Suppose the resultant K of the forces 
XYZ^ acting at the point (ayss)^ is in the normal to the sur- 
face at that point, so that 

the equation {A) then takes the form 

d^u{dgyd^x - d^xd^y) 

+ dyU{d,wd^x - d,«d^ai)) = (8), 

+ d^u (d^xd^y - d.yd^z) 

or substituting Ay i?, C for the coefficients of d^u^ d^u^ d^u^ 
the equation is 

Adju + BdyU + Cd^u «= 0, 

Now the equation to the osculating plane at the point 
(wyx) is 

J (a?' - «) + fi (y' - y) + C (ijf' - i^) =, (9), 

and the equations to the normal are 

dgU dyU d^u 



w —w y " y X — « 



(10), 



af'yW being the current co-ordinates of a point in the plane 
or normal : and when the plane (9) contains the normal (10) 
we have the condition 

AdgU + BdjfU + CdgU = 0. 

Hence equation (8) expresses that the osculating plane 
contains the normal : now this is the property of the shortest 
line between two points on the surface. 

263. Peop. Tojind the pressure on the surface at any 
point. 

(1). Cos a + (2). cos /3 + (3). cos 'y » 0, 

gives - J? a JT cos a + Fcos /3 + Z cos 7 + T {d//v cos a 

+ d/y • cos /3 + d/«f cos 7}. 
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Now if ^ be the radius of absolute curvature at the point 
(ofyx)^ and X, /tx, v the angles it makes with the axes, we have 

cos \ = |od//i?, cos fjL^^pdg^y 9 cos v ^ pd^^z; ^ 
.•. - R^s B JCSs cos a + YSs cos fi + ZSs cos y 

+ T. — (cos a cos \ + cos fi cos fjL + cos ^y cos i/). 
P 

Let be the angle between the radius of absolute curva- 
ture, in the direction of which the resultant of the tensions on 
the extremities of Ss acts, and the normal to the surface, then 

cos 9 B cos a cos X + cos fi cos fi + cos ^ cos v. 
Substituting in the above equation, we have then 

pressure on a portion Ss o{ the surface 

B resolved force in the normal 

+ resolved tension in the normal. 

264. Cor. When there are no forces acting on the string, 
so that X=Oj F = 0, Z - 0, we have 

d,T = 0, 

or 7^ a constant » k^ 

and pressure = - on an unit of length, 

1 

oc -. 

p 

266. Prop. To find the form of equilibrium when 
the string is not attached to a surface. 

The equations (l), (2), (3), will give the equations of 
equilibrium, by putting fl = : and eliminating T between 
(1), (2), (4), and also between (l), (3), (4), we have the two 
following equations to the form of the string. 
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v{d,xd^y - d^yd^w) = Yd^x - Xd^y 
f)(dgwdt% - dg»d^ai) = Zd^w - Xd^x 



...(B). 



266. Cor. Id the case of gravity, supposing the axis 
of X vertical and measured upwards, we have 

.". dgwd^y - d^ydgW = o. 

This is the differential equation to a straight line in the 
plane /vy, so that the chain hangs in a vertical plane. Take 
this plane for the plane of wx^ and the lowest point as origin. 
We have, since 

d,T^gd,Xj Kadir. T^g(x^c)y 

(x + c) {dgWdg^x - dgxdg^w) = d^Wy 

or since dgwd^w + d^xd^x « o, 

d.x d. w 
x-^-c dgW 

or X -i- c^ cdgS ; since when ;v » 0, d^w s i. 

c 
Hence d^m « -7== ^ ; 

.'. W + C ^C log. {ijf + C + \/(i8f + c)*-C^|, 

and when isr s 0, 47 « ; 






€ 






C / i ^S 
,\ X + C Bi 

2 
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267. Cor. 2. The Catenary also possesses the property 
of being the curve of total minimum tension^ supposing gra-^ 
vity alone to act. 

Thus tension ^ g {x + c). 

Hence to find the curve having the above property, we 
have 

fs,{x + c) dgS =s a minimum, 

or when fg{% + c) . s/l + {d^%y « a minimum. 
This is the case when 

(« + c) v/i + (4.)* = ^7^^^^^ f (C - c). 

by the principles of the Calculus of Variations ; or when 
x+c — cd^s^ and this has been just shewn to be the differen- 
tial equation to the Catenary. 



N 



CHAPTER XI. 



PROBLEMS. 



1. Given the magnitudes of two forces which act on 
a point, and the angle between the lines in which they act ; 
to find the magnitude of their resultant. 

Let P, Q be the two forces acting upon the point O (fig 81) 
in the directions OA, OB. Take OA, OB to represent them, 
and complete the parallelogram OBCA ; the diagonal repre- 
sents their resultant R. 

Let a = AOB the given angle. Then from the triangle 
OAC we have 

OC ^OA"" 'StOA. AC cos OAC + AC 
= OA^ + ^OA . OB . cos POQ + OB""; 
.-. 5'= P' + SPQcosa + Q". 

2. Three forces acting on a point are found to balance 
each other when their directions make angles 105^ 120°, 135^ 
with each other. Find the relation of the forces to each 
other. 

Let JPi, F29 P3 be the forces respectively opposite to the 
angles 105%' 120% 135% Then by Art. 28 we have 

Fi : F2 : jPs :: sin 105° : sin 120° : sin 135^ 

:: cos 15° : cos 30° : cos 45° 
:: cos (45° - SO®) : cos 30° : cos 45° 

y/3 + 1 v^3 1 

'"' 2v/2 • ^2~' ^71' 
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Fi F2 F3 



• • 



from which when the magnitude of one of the forces is given, 
the magnitudes of the other two are knowii. 

3. A weight W is sustained upon a smooth inclined 
plane by three forces each equal to ^W ; one acting ver^ 
tically upwards^ another parallel to the plane^ and the third 
in a horizontal direction ; required the inclination of the 
plane to the horizon. (Fig. 82.) 

Let C be the body placed on the inclined plane AB '^ 
F\9 F29 jPs the forces mentioned in the question. Besides 
these, C is acted on by gravity which is equal to W and acts 
in the downwards direction CWy and by the re-action R of the 
plane, which because the plane is smooth, acts in a direction 
CR perpendicular to AB. Hence the body C is kept at rest 
by five forces, all of which act in the same plane ; hence the 
conditions of equilibrium are (Art. 32), that the sums of the 
resolved parts of these forces parallel to two lines in the plane 
of the forces shall be separately equal to zero. Resolve them 
in the directions of CjS, CR ; 

:.0^R cos RCB + Fi cos F^CB + F^ cos F^CB + F3 cos F^CB 

+ W cos WCB, 

and 

= iZ cos RCR + Fi cos F^CR + F^ cos F^CR + F^ cos F^CR 

+ W cos WCR. 

If we put 9 for BCF^ the required inclination of the 
plane, these equations become 

= J'l sin + F2 + jPs cos e-Wmi 0, 
and 0= jR + FjCose-jPssine- WcobB (A). 

The former of these, observing that /\ « F, « jFs « ^W 
gives 

1 4. cos d >« 2 sin d, 

N 2 
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or 2 cos' - = 4 sin - cos - ; 
2 2 2 

/. tan - «= * ; 

2 ^ 

.•• = 2tan-^(^) 

« 521^ . 7' . 48". 

Remark. The reader will observe that we have obtained 
this result without making use of the second condition (A) 
of equilibrium. From that equation we might have deter- 
mined 22, the pressure of the body upon the plane ; but as that 
is not required by the enunciation of the problem, we make 
the important remark, that it is not always necessary to 
employ all the equations of equilibrium in solving a problem : 
and in resolving forces, our aim must be to resolve them in a 
direction at right angles to such forces as are not known and 
not required to be found. 

The directions in which we may resolve the forces are 
quite arbitrary (Art. 98) ; we might, for instance, have 
resolved the forces parallel and perpendicular to the horizon,, 
from which would have resulted the two equations 

« JB sin - F^cos - F^y 
and 0^Rcos9 + F^+FiSin9^ W; 

but here we see the unknown force R is involved in both 
the equations of equilibrium ; and in order to solve the pro- 
posed problem it is necessary to eliminate R between them : 
this necessity is avoided, and the result at once obtained, 
by resolving the forces in a direction at right angles to that 
in which R acts. We shall generally avail ourselves of this 
artifice in the problems which follow. 

4. Three equal forces act upon a point in the directions 
of three lines which include angles 105®, 120°, 135^; Jind the 
magnitude and position of their resultant 

Since the sum of the given angles = 360°, the forces all 
act in one plane. Let Fi F^ F^ (each equal to P) be the 
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three forces acting on the point (fig. 83), the angles F^OFzy 
Fi OF^ being 120^, 135*^ respectively. Produce F^ to a?, and 
in the plane of the forces draw Oy perpendicular to Ox. 
Then if R be the resultant, and the angle which its direc- 
tion makes with Oa?, we have, proceeding as in Art. 31, 

J? cos = - i^i + jPg cos F^Oo) + F^ cos F^Ow 

« - P + P cos 60° + Pcos 45° 

\/2-l 

JR sin « Fg sin 60°^ Pg sin 45° 

^- ^ • 

.-. tan e = "^ ""^ = -7673269 ; 

V^2 - 1 

.-. = 37° . SoV 

which determines the position of iJ, and the equation 

JR« = (i? cos 0)2 + (jR sin 0)^ 



k2 



F^U- 



^/6 + v/2\ 



= P® X -0681484, 
or R ^Px -2610525, 

gives the magnitude of i?. 

6. If three forces proportional to the aides of a triangle 
he applied perpendicularly at their middle points^ they will 
balance : the forces act in the plane of the triangle. 

Let ABC (fig. 84) be the triangle ; a^h^c the middle 
points of its sides. At these points apply three forces Fi^F^y 
P3 respectively proportional to the sides on which they act, 
in directions perpendicular to those sides^ Then because the 
sides of the triangle are bisected perpendicularly, the lines 
P^a, F%hy F^c being produced will meet in O the centre 
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of the circle circumscribing the triangle. We may therefore 
suppose them to act at O: and because 

Fi : F^ : /'s :: BC i AC : AB 

:: sin ^ : sin P : sin C 

:: sin FgO/'a : sinFiOFg : WiF^OF^, 

therefore, by the converse of Art. 28, the forces balance each 
other. 

6. Two given equal uniform beams AC, BC (fig. 85) 
having their lower ends connected by a string are placed in a 
vertical plane, upon a smooth floor , their upper ends leaning 
against each other. Required the tension of the string AB. 

Let a be the length of each beam, b the length of the 
string AB ; = Z CAB ; G the centre of gravity of ACj which 
since the beam is uniform will be in its middle point. The 
beam AC is kept at rest by R the pressure of BC against 
it in a horizontal direction ; T the tension of the string AB in 
the direction AB ; R' the reaction of the floor, which since the 
floor is smooth will act at right angles to AB ; and by W the 
weight of the beam acting at G in the direction GW ver- 
tically downwards. (The conditions of equilibrium for this 
case are stated in Art. 67.) 

To avoid the force R\ resolve the forces horizontally, 
and take the moments about A\ then 

= i? - T, 

and ^ R . AC ^inO - W . AG cos 0; 

.-. T^ R= FT-jj^ . cot 9 

W b 



2 • y/4a^-68* 

7. A string PCP (fig. 86) having two equal weights 
P, P fastened to its ewtremities, passes over a pulley C, and 
two pegs A, B. A smooth heavy ring Q is passed over C : 
required the position in which it will rest^ its inner diameter 
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being such as to keep the parts of the string above it parallel ; 
and the pegs A, B being similarly situated with respect to C. 

Let W represent the weight of the ring ; the inclination 
o{ AQ to the horizon. Because the ring is smooth the tension 
of the string will be equal to P in every part ; and when the 
equilibrium is established we may suppose the ring and string 
to cohere at the points of contact, by which supposition we per- 
ceive that Q is pulled upwards by the two parts of the string 
between the ring and the pulley ; and obliquely by the portions 
of the string between the ring and the pegs. Hence the ring 
is kept at rest by five forces, viz. the two vertical forces P, P 
acting along the lines QC, Q'C ; the two oblique forces P, P 
acting along the lines QA, Q'B ; and its own weight W acting 
vertically downwards: consequently resolving them in a ver- 
tical direction, we have 

O = 2P-2Psin0- W; 

W 

.*. sin =: I ; 

2P 

which determines the position of Q. 

8. Two weights P, Q (fig. 87) are connected by a strings 
which passes over two smooth pegs A, B situated in a hori- 
zontal line, and supports a weight W which hangs from a 
smooth ring, through which the string passes. Find the 
position of equilibrium : and also whether the equilibrium is 
stable or unstable. 

Since the ring C is smooth, the tension of the string is the 
same throughout, and therefore 

P^Q. 

Also we may consider the point C as kept at rest by three 
forces; the tensions of C-4, CjB, and the weight W; hence by 
Art. 28, 

P P W 



sin BCW sin ACW sin ACB ' 
.-. ACW ^ BCW; 
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W sin ACB 
^"""^ P "sinJCfT 

sin d 

sin- 

2 

a= 2 cos - , 

representing the angle ACB. This equation gives 0, from; 
which the place of the ring is known. 

Again, let 2a » AB^ 26 = the length of the string, c^CW^ 
z the distance of the centre of gravity of P, Q, W below AB ; 
then producing WC to meet AB in 2), we have 

(P+Qjir wyz ^P.AP + Q.BQ-hW.DW 




6 1 

.'. (2 P + W)dgz = Pacosec - cot Wa cosec* - 

"^ 2 2 2 2 

ad & 

= - cosec* - (2 Pcos - - W)^0; (Art. l6S) ; 

.-. (2P + fnrf/5= - - cosec*-. P sin-, when »r=2Pcos-. 
^ * 2 2 2 -2 

Hence, in the position of equilibrium ^ is a maximum, and 
therefore the altitude of the common centre of gravity is a 
minimum, consequently (Art. 169) the position is one of stable 
equilibrium. 

6 
Remabk. The equation d^z =0, gives Jr=2Pcos- for 

the condition of equilibrium, and consequently the latter part 
of the preceding investigation includes the solution of the whole 
question proposed ; the first part therefore might have been 
omitted ; but we have inserted it as an example of the appli- 
cation of Art. 28. 
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9. A straight rod rests with its ends upon ttvo given 
smooth inclined planes, in such a position that the vertical 
plane which passes through the rod is at right angles to the 
given planes; find the position of equilibrium of the rod. 

Let AB (fig. 88) be the rod, G its centre of gravity ; 
a, /3, the inclinations of the planes OA, OBy and of the rod 
to the horizon. U, R' the reactions of the planes at Ay B, 
which will be in normal directions because the planes are 
smooth. AG ^a^ BG = 6. The forces which keep the rod 
in equilibrium are the reactions iJ, jR' and its own weight. To 
avoid the weight of the rod, resolve the forces parallel to the 
horizon ; and take their moments about G ; 

.\ =s iZ sin a — JR' sin j8, 
and O^R.GA sin GAR -^ R\ GB sin GBR' 
« Ra cos OAB - R'b cos OB A 
= JKacos (a + 0) - RH) cos (/3 - 0) ; 

a cos (a + 0) h cos (/3 - 6) 
sm a sm ji 

a cot a - 6 cot /3 



and .*. tan 9 » 



a + b 



10. LM is a smooth sphere of radius r (6 inches) and 
weight w (3^ lbs,), in contact with a plane AM inclined to 
the horizon at an angle a (60°). A^ is a beam of weight 
W (lOO lbs»)y and length a {Q feet), moveable about a hinge 
at A, and by its pressure preventing the sphere from descend- 
ing down the plane.. Determine the positions of the beam 
and sphere. (Fig. 89.) 

Let R be the reaction at L between the sphere and beam ; 
and R' that at JIf between the sphere and inclined plane ; since 
the sphere is smooth, the former acts in a direction perpen- 
dicular to AB\ and the latter in a direction perpendicular 
to AM. Let 20 = / BAM. 

We may consider AB as a lever, whose fulcrum is A, 
kept at rest by R at L in the direction CL ; and W at G, 
the centre of gravity of AB, ia a vertical direction; 
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.-. R . AL^ W. -cos(a+ 2fl), 

a 
or J? . r cot© = W . --cos(a + ^0). 

The sphere is kept in equilihrium bj its own weight 
acting downwards at C, and the reactions RB! in the directions 
LCy MC. To avoid J?' resolve these forces parallel to the 
plane; 

.•. e jR sin29 — ti; sin a. 

Hence, eliminating R, 

2 tor sin a cot «= 9Fasin20cos (a'^20); 

••. sin* cos {a + 2 9) = -— - . sin a. 

fr fit 

By substituting for FT, tc^, a, r, a their values, we find 
from this equation 

« 4^ 45' . 30" ; 
and /. a + 20 « 69^ . 49', 
which is the inclination of the beam to the horizon. 

The position of the ball is known from the equation 

JM^rcote 

= 5-822314 feet. 

11. A uniform heavy rod CD rests with one end D 
on a smooth inclined plane DB, and the other is suspended hy 
a string of given length from a jwed point A. Find the 
position of equilibrium. (Fig- 90.) 

Draw AB perpendicular to the plane ; and let 0, be 
the angles which AC, CD respectively make with AB; let 
a be the inclination of the plane DB to the horizon ; let G be 
the centre of gravity of the rod ; a •= CG - Z>G, b :b AC, 
c s ABy R the reaction of the plane at D, which since the 
plane is smooth will bean a normal direction ; 3^ » the tension 
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9 

of the string CA, Since AB <^ the sum of the projections 
of AC J CD upon it; 

•*• c s 6 cos0 + 2acos0 (l). 

To avoid the weight of the rod, resolve the forces in 
a horizontal direction, and take their moments about G ; 

.'. = J8 sin a - T sin (0 - a), 
and m Ra sin Q — Ta sin (9— (p) ; 
.*. sin 6 sin ((f>- a)^ sin a sin (9 - <j>) ; 

.*. 2cot s cot + cot a (2). 

But b cos {f^^c — ^a cos from (l) ; 
.'. 26 sin ^ =s (c — 2a cos 6) (cot Q + cot a) ; 
.-. 46* = (26 cos (py + (26 sin 0)* 

= (c - 2a cos 0)^ {4 + (cot 9 + cot a)^}. 

From this equation 9 must be found by approximation, 
and then will be known from (2). 

12. Three rods AD, AE, BC are connected by hinges 
at A, B, C ; AE is vertical andjiwed at E, and AD horizon- 
tal. At D a given weight W is suspended. Find the strain 
upon the hinges. (Eig. 91.) 

Since the rod BC has hinges at both ends, it is incapable 
of exerting any action except in direction of its length ; let 
T be the pushing force which it exerts upon the hinge B 
ill the direction CB, and upon C in the direction BC Let 
the strain upon the hinge A be resolved into the forces JC^ Y 
in the directions BA^ AC. Let 

a = / ABC^ a = JBC, 6 = BD. 

Then the rod AD is kept at rest by X^ F, Tand TT; resolve 
them vertically and horizontally, and take their moments 
about B\ 
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.-. o» W" Tsina + Y, 
0= Tcosa- JT, 
and = Wb — Ya cos a. 

From these three equations we find, 

Wb 



JL — 


a cos a' 


r = 


W^. 


a cos a + & 


a cos a sm a 


jr= 


W . 


a cos a -4- 6 
a sm a 



The first and last of these determine the magnitude and 
direction of the strain upon the hinge A ; and the second 
equation gives the magnitude of the strain upon B or C\ 
the direction of this strain has been stated already to be CB 
for JB, and BC for C. 

If the joints at J, B^ C were rigid, the action of BC 
not being necessarily in the direction of its length would be 
indeterminate : BC might even be removed without affecting 
the equilibrium, 

13. AB 18 a heavy uniform rod^ moveable in a vertical 
plane about a hinge A ; a given weight F sustains the rod 
by means of a string BCF passing over a smooth pin C 
situated in a vertical through A and at a distance AC » AB. 
Find the position of equilibrium of the rod by the principle 
of virtual velocities, (Fig. 92.) 

Let W be the weight of the rod, a = JB its length, Q 
any point in it ; draw QM perpendicular to AC. w = JQ, 
0= Z BAC. Then the virtual velocity of P 

^d.CP^d {BCP -'BQ^d (bCP - 2a sin A 

6 9 

as-d.2asin-= — a cos - . dO. 

2 2 
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The weight of a small element of the rod at Q, the length 

of which is equal to S^ = TF — ; and the virtual velocity 

of this = d . CM = d (a - 0? cos 0) = 0? sin 9d9. Hence for the 
whole rod the value of 2(Fd«) (Art. 113). 

=:2(TF — .a?sin0d^) 
a 

W 

« — sin ddd . 2 Ojd^x) 
a 

W 

=s — sin ddQ fwdiVy from a? = a to j? = a 
a 

^^ Wa sin ed9. 

Hence, by the principle of virtual velocities, 

g 
= P(- a cos - d0) + ^ Wa sin 9d0 ; 

. 9 P 
.'. sin- = — -. 
-2 W 

Remark. The preceding solution is more difficult than 
is absolutely necessary; we preferred giving it however as 
an illustration of the meaning of the symbol 2 in Art. 113. 
The following is more simple. 

We may consider the weight of the beam as being col- 
lected at its centre of gravity. Let Q be this point. Then 
by the principle of virtual velocities, 

0«P.d.CP+TF.d.CJf 
= P(-acos-de) +»r.d(a--cose) 

A At 

9 a 

= - Pa cos - d0 + TF - sin 9d9^ 
2 2 

the same result as before. 
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14. Two h€a»y particles P, Q wre connected by an 
inflewible rod; and one of them (P) rests tipon a given 
smooth inclined plane. Required the nature of the curve 
on which the other (Q) miMt resty that there may be equi- 
librium in all positions. 

Since there is equilibrium in all positions the common 
centre of gravity of the bodies neither ascends nor descends 
(Art. 169)9 it is therefore always at the same height above 
a given horizontal plane. Let the equation of the given in- 
clined plane be 

y = mw (1), 

the axis of w being horizontal, and that of y vertical. Let 
a/y be the co-ordinates of P, and wy those of Q. Then 
denoting the altitude of the common centre of gravity of 
P and Q above the axis of x by 5, and the length of the 
rod by a, we have 

(P + Q)6 = Py' + Q» (2), 

o» - (.p - »')* + (y - y')* (3)- 

From (1) and (2) we find 



,'.(,^«)5-|„ 



and.' = (l+-)--^, 



which being substituted in (3), give the following equation 
of the required curve: 



mP 



«y+{(i + |)' + ^}s'-£(i + Ds« 



-<— 3{-(-i)§''-*(-;i)( 



1 * %'- «•■ 



The values of the coefficients of the first three terms shew 
that the required curve is an ellipse. 
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15. A rod AB t« plcLced in a smooth hemispherical 
bawl, 80 as to lean against the edge of the bowl at P, 
toith one ehd A within it. Find the position of equi- 
librium of the rod. (Fig. 93.) 

Let C be the eentre of the bowl, G the centre of 
gravity of the rod. The rod is kept in equilibrium by 
the reaction of the bowl at A^ the direction of which passes 
through (7; by the reaction of the edge of the bowl at 
P, which will be in a line PQ, at right angles to AB\ 
and by its own weight acting vertically at G. There being 
but three forces, their directions all pass through a point 
(Art. 96) ; hence QG is vertical, and 

A(i sin AGQ 
AG'^ sin AQG' 

Let AG^a, and r= the radius of the bowl; then be- 
cause APQ is a right angle, ^Q is a diameter of the 
sphere, and therefore = 2r; also if = CPA^ the inclination 
of the rod to the horizon, 

AGQ^ir-PGQ^w^{^^e\ «^ + 0, 
and AQG ^ PGQ -- PAC ^ (' -o] -0---2e; 

\2 / 2 



- (f * ") 



Sin , . ^ , 
2r V2 J cos 6 



<An[^-.e) 



COs2 d 



cosd 



2cos«0-l' 



.'. cos*9 cos d 8 1 ; 

from which equation is known. 
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16. A smooth heavy rod AB moveable in a vertical 
plane about a hinge at A, leans against a heavy prop 
CD also moveable in the same plane about a %inge at C. 
Find the position of equilibrium. (Fig. 94.) 

Let G, Cf' be the centres of gravity of the two rods, 
at which points we may suppose their weights Wj W' to 
be applied. Let JZ' be the pressure which the rod AB 
exerts against the prop; R the reaction of the prop against 
AB; these forces will be equal and opposite, and act in 
a line perpendicular to AB. 

The rod AB is a lever whose fulcrum is Aj kept in 
equilibrium by jR and W; hence putting AG = a, CD — b, 
AC ^Cy and the angles BAC, ACD = 0, respectively, we 
have by taking the moments of R and W about A^ 

W.acosd^ R.AD 

^, sin d) 

= iZ6,-r-J (1). 

sin0 

Similarly we perceive that the prop CD is a lever whose 
fulcrum is C, kept in equilibrium by jR' and PF', hence 
taking the moments of these forces about C, we have 

TT'. - cos = jR'6 sin C2>i?' 

/ ^Rb cos CD A 

« - Rb cos (fi + (pi). 
Hence eliminating R by means of (l), we find 

= 2 Wa cos sin cos (0 + 0) + W'b cos (p sin (f>. 

Also from the geometrical property of the figure, 

c sin {Q + 0) 
6 sin * 

The last two equations will give the values of and ^, 
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17. Two rods AB, AC rest against each other upon 
the horixontal plane ED at A, and against two smooth 
vertical parallel walls at B^ C ; git)en the lengths and 
weights of the rods^ to find the distance of the walls when 
the angle between the rods is a right angle. (Fig. 95.) 

Let a, b be the lengths, and W, W be the weights of 
the rods AB^ AC, which we may suppose acting at their 
centres of gravity. Let U, R' perpendicular to EB^ DC 
be the reactions of the vertical walls. *« BAE. Then 
the rod AB is kept in equilibrium by W^ Ry and the 
forces which act upon it at A. To avoid these last take 
the moments of all the forces which act on AB about A ; 

a 
,•. a W , -cos -^ Ra sin 0, 
2 

Similarly for the beam Ad 

Oe fV. - sin -- R'b COS0. 

To obtain an equation between R and R\ not involving 
the forces at A, let us suppose the rods to become rigidly 
joined at Aj which will not disturb the equilibrium, nor 
aiFect R and 22'; BAC being now a rigid body kept at 
rest by 22, R^ horizontally, and its weight and the reaction 
of ED at ^ in a vertical direction, we have, taking the 
horizontal forces, 

B 22 - 22\ 

Hence, eliminating R and 22' between the three equations 
now found) we obtain 

TTcos'^ss Wsin^0; 



•*. tand 



W\i 






o 



and .'. ED ^ acos0 + bs\n0 

a -f 6 tan d 
\/l +tan^0 
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18. Two gi'oen rods connected hy a hinge are laid 
across a smooth horizontal cylinder of given radius. Deter^ 
mine the position of equilibrium and the strain upon the 
hinge. 

Let AC9 BC (fig. 9/S) ' be the rods, resting upon the 
circle whose centre is at the points P, Q. L^t 6, G' 
be their centres of gravity. Join OC^ draw OH vertical, 
and upon it drop the perpendiculars GM^ G'JUT.- Let 
COH = e, ACO = BCO = 0, GC^ o, G'C = 6, the radius 
of the cylinder = r, FT, IF' the weights of the rods. Then 
if i be the altitude of the cotoimon centre of gravity of 
the rods above a horizontal plane passing through the point 

Now if OH cut AC in JET, and BC produced in H'^ 

OM-:- OC cos - CG. cos CHff 

r cos 
»— : — - — a cos (0 + 0), 

and OHf = OC cos - CG' cos ff 

r cos 9 
" . . - h cos ((b -0); 

.-. (ir+ Tr)^« (jF+'»r)r.^ ;' 

' sin0 ^ 

- TTaxjos (0 + 0) - fF'6 cos (0 - 0). 

Now in a position of equilibrium z, which is a function 
of the two independent variables and 0, must be a 
maximum or a minimum; 

.-. 0= (Tr+ W)deZ'=- - (W + W)r .^^^ 

^ sm0 

+ Wa sin (0 + 0) - TTi sin (<j) - 0), 
,,^ —rfv . - ;,», .,wv co80cos<i 

+ Wa sin (^ + 0) + ^'6 sin (^ - 6>) ; 
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.-. (»r+ W')rcosec^(p^{Wa ^ lVb)cote -riWa + W 6)cot0, 

and iW+ W')rcosec'<t>^ iWa-W'b)taxie + (Wa+W'b)isin^. 
From which we find, by subtraction, 

tangg W'b ■- Wa 

tan20'* W'b+ Wa ^^^' 

and by eliminating 0, 

4 W^JTaftsin*^ - (ir+ jr')(fra + Jr6)rtan0 + (jr+ IT'yr^^O; 

from which ^ being found by approximation, will be 
known from (l). 

To find the strain upon the • hinge. 

Let T be the strain, exerted upon AC in the direction 
CTf and upon BC in the opposite direction. To avoid 
the reaction at P, which is unknown, resolve the forces, 
which keep AC at rest, parallel to AC, and take their 
moments about P; 

.-. « Tcos (tt - ACT) - W cos AHOy 

and = r.PC sin ACT - W. PG.sin J^O. 
From these equations we find 



i^r- 



cos« AHO + ^ . sin« AHO 



cos^ 



(0 + e)+f^tan^-l] sin^(^ + 0), 



from which T is known ; and 

PG 

tan ACT = --577 .tan -4^0 

a T"" 

= (1 — .tan 0) tan (0 + 0), 

gives the direction in which T acts, 

02 
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19. A given weight W is sustained on a given in- 
clined plane, partly by friction and partly by a power P 
acting in a given direction. Find the greatest and least 
values of P. 

Let C (fig. 97) be the body placed on the inclined 
plane AB ; let J? be the 'reaction of the plane in a normal 
direction, and fi the coefiicient of friction between the body 
and the plane: then if the tendency of C is to slide down 
the plane, P having its least value, the friction fxR will 
act in the direction CB to prevent the motion ; and there- 
fore resolving the forces parallel and perpendicular to AB, 

= liR + Pcos0 - IF sin i, 
and 0^ R + P-sin - FT cos i, 

i representing the inclination of the plane to the horizon, 
and the / PCB* Hence eliminating J?, 



cos d — /A sin 



This is the least value of P ; i. e. if P be less than this, 
C will begin to slide down the plane. 

If P have its greatest value, C will be on the point of 
moving up the plane, and therefore the friction fiR will 
act down the plane ; this will be taken account of by writing 
— /ut for /x in the preceding result ; consequently the greatest 
limit of P 

sin i + /A cos i 



CDS 6 +>sin0 



Any value of P between these two limits will maintain 
equilibrium. 

CoE. The limiting values of P found above may be put 
under the forms 

,^ sin (i - tan"^ jm) , „_ sin (i + tan"^ ^i) 

cos (0 + tan"* jti) COS (fi - tan » 
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from comparing which with Art, 212, we perceive that the 
least and greatest values of P are such as would balance W if 
the inclined plane were smooth and its inclination diminished 
or incr eased respectively by the angle tan"V» 

20. To find the limiting values of V in the common 
screw when friction acts. 

Let JV be the weight sustained, i » the inclination of 
the thread of the screw to the horizon ; R = the reaction 
perpendicular to the thread, /txJ? =; the friction along the 
thread : and suppose that P has its least value. Let r = the 
radius of the screw, and p the length of the arm by which 
P acts ; then resolving all the forces vertically, and taking 
their moments about the axis of the screw QiR acts up the 
thread), since the axis of the screw is only moveable length- 
wise, by Art. 94 we have for equilibrium 

s jR cos i + fiR sin i — Tf, 
= (-R sin i — fiR cos i)r — Pp. 

By eliminating R between these equations, we find 

* p * 1 +fi tan i 

T 

e W.-. tan (i ^ tan'^u). 
P 

Hence the least value of P is the same . as in a screw 
without friction, the thread of which is inclined to the 
horizon at the angle 

i - tan" V* 

By writing — m for /tx, we find that the greatest value of 
P is the same as in a screw without friction, the thread of 
which is inclined to the horizon at the angle 

i + tan" V. 

21. Let AC be a curve line in a vertical plane; P, 
Q given weights attached to the extremities of a string 
which passes over a smooth pin at B; to shew how to 
find the position of equilibrium. (Fig. 98.) 
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Take the vertical line Bof for the axis of /v ; and any 
fixed point A in it for the origin of co-ordinates : draw QM 
perpendicular to Bw ; and put AM « w^ QM « y^ BP » a/ ; 
then if P descend through a small space dw\ the corre* 
sponding space des<;ended by Q will be dx ; and as P and 
Q are acted on by no other forces than gravity, except 
the tension of the string and reliction of the curve line, 
the virtual velocities of P and Q are da' and dof ; and 
consequently, by Art. 113, 

Pda/ + Qdof = ; 

this is the only mechanical condition of equilibrium. The 
geometrical nature of the machine is expressed by the equa* 
tion of the curve 

and the equation, (b being the length of the string, and a 
denoting AB) 

b^ a' + V (rt + A*)' + y*. 

Ex. Let AC be a parabola^ and B'the point where 
the awis intersects the directriw. 

In this case ^ b 4aa7; 

.•.' 6 a=y + \/(a + ay + 4(iir; 

- 3a + w 

••. = d4? + r- — — T . dw 

{or + 6aw + cfiy 

P {a* + 6a/v + a7*)i 

Hence dividing by dw, and reducing the result, we find 

2a\/2 



a; Ts ~~ 3a + 



(-?) 



FTT- 



22. -TAe weight P in Prob. 21 instead of hanging per-- 
pendicularlyy rests upon a given curve line AD ,- to Jind 
the position of equilibrium. (Fig. 99.) 
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• If ^', y' be the co-ordinates of P, aod a?, y those of 
Q^ bQth .measured from B a& origin, the virtual velocities 
of P and Q will be respectively d«»' and dx ; consequently 

To this we must join the equations of the two curves 

y'^r(^), and y^Fip)y 
and the equation 

b a \/a/^ + y'* + y/a? + ^. 

Ex. Let AD fee a * fArcle whose centre is in BA pro^ 
duced ; and AC a parabola^ the directrix of which pcysMes 
through B. 

Theu the equation of AC is 
and that of AD is 

c being the radius of the circle \ 
.'. fe = v^4?''* + y^ + \/a? ^y^ 

= \/2a?'(c + a) - 2oc - a^ + \/ ^ ^ ^aco -^ ^a^ ; 
(c + o)da?' (a? + 2a)d«r 



y/^OB{c + a) -^ac-a^ \/ x^ + 4aa?-4o^ 

(c + a)da?' (a? + 2a)da7 

« — — — — — Jk. - — ^ — — * 

BP 5Q 

Q do?' x + 2a'BP 



ar + ^a / b \ 



horn which equation, i7Q being known in terms of x^ x may 
be found. 
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23. Two given weights P, Q are connected by a string 
PAQ which is laid across a horizontal cylinder; to Jind 
the position and nature of the equilibrium. (Fig. 100.) 

It is evident the string will lie in a vertical plane per- 
pendicular to the axis of the cylinder. Let C be the centre 
of the circular section of the cylinder by this plane. Draw 
CA vertical, and BCD, PM, QN horizontal : join CPj CQ. 
Then since the length of the string and the radius of the 
cylinder are given, the angle PCQ is known ; let it be de- 
noted by 2a : and let a + 0, a- represent the angles 
QCJ, PC J ; and a = CA. Then if i be the altitude of 
the common centre of gravity of P and Q above BD^ we 
have 

iP + Q)z--P.CM + Q.CN 

« Pa cos (a - fl) + Qa cos (a + 0) ; 

.•. (P + Q)d^'z = Pa sin (a - d) - Qa sin (a + 0), 

and (P+Q)d/«= - Pa cos (a -0) - Qacos(a + 0) 

^-{P-^QTz (!)• 

Now in the position of equilibrium d^i « 0, and there- 
fore 

Pa sin (a- 0) ^ Qa sin (a + 0)y 
from which we find 

tan B = -=; — - . tan a, 
P+ Q 

which gives the position of equilibrium, which is unstable 
because equation (l) shews that z is then a maximum. 

24. A hollow paraboloid is placed with its vertex down- 
wards and axis vertical ; a given rod rests within it, leaning 
against a pin at the focus^ and having its lower end upon 
the parabolic surface. Find the position of equilibrium. 
(Fig. 101.) 

Let PQ be the rod, G its centre of gravity, S the 
focus of the paraboloid, AS its axis, BAC a section of it 
by a vertical plane passing through the rod ; a = AS^ b = PG, 
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T = PaJ, Q = ASP\ through S draw LS horizontal, and draw 
MG vertical ; let 5 = MG. Then by the nature of the 
parabola 

r = ;, , whence cos « — — i, 

1 + cos Q T 

Also z^GM^SGito^Q 

= (r — 6) cos Q 



2a6 ., 
= 2a-r 1-6; 



_ - 2o6 
••• a,2J« —^ 1, 

, , _» 4a6 , ^ 

and d?%^ """^ ^^^* 

In the position of equilibrium d^'z » 0, and therefore 

r as ^^ab; 

from which the position of the rod is known. Equation 
(1) shews that the altitude of G is then a minimum; and 
therefore the position is one of stable equilibrium. 

25. A paraboloid^ formed by the revolution of a given 
parabolic area about its aoAsy is placed with its convex surface 
upon a horizontal plane ; to find the position in which it will 
rest. (Fig. 102.) 

Let ^C be the axis of the parabola, inclined at an z d 
to the horizontal plane : P the point on which it rests ; draw 
PN vertical: then since there is equilibrium the centre of 
gravity must be in the line PN (Art. 132), but it is also 
in ACf the axis of the parabola, consequently it is at N. 
Draw PM perpendicular to AC; let a - u<C, 6 « BC; then 

the latus rectum = — , 

a 



SOS ?]IOBI.XM8« 

and .•• NM = - - ; 



¥0 

V MP ^ — .cot0; 

;,^ MP' b^ 

'. AM ^ — — =^ — . cot« 0; 

4a 



© 



•V JN^AM+MN 

= — (cot* + 2). 
4a 

2 

But because iV is the centre of gravity, AN = - a. 

(Ex. 5. page 101) ; 

2 y 

. . . , ..••, .-Ta.«R — (cot* fl +.2); 

3 4a ^ '^ 

from which the position is known. 

IT 

CpjR. The least vidue of cot is when » — : hence when 

2 



• > 



8a^ 



36 



8 



IS = or < 2, 



• . 6\/i 
or, whcpfi a IS » or < , 

2 
the solid can only rest in equilibrium with its axis vertical. 

26. Two heavy rods AC, CB connected by a hinge at C 
r^st on two smooth points D, IE, situated in a horizontal 
tine : find the position of equilibrium. (Fig. 103.) 

L6t €?, g be the- centres of gravity; and W^ W the 
weights of the rods AC^ BC ; J?, iJ' the reactions of the 
points Z>, E which will be at right angles to the rods, because 
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the points on. which they I'est are smooth. Join DE, and 
let 0y xf> denote the angles CDE, CED ; and put CG « a, 
Cg = a\ DE s= ft. The rod AC is kept in equilibrium by 
three forces, viz. its own weight at G, the reaction R at 
Z>, and the tension of the hinge C; to avoid the last, (the 
magnitude and direction of which are unknown, and are not 
required,) let us take the moment of these forces about C ; 

•V R.DC-W.aco%e^O... ...(1). 

Proceeding in a similar manner with the beam CBy we 
find 

It. EC- FT'. a' cos = 0...... (2). 

Again, when thlB equilibrium' is' once established, we may 
suppose the.hing^ C to become rigid; under this hypothesis 
the rigid body ACB is kept in equilibrium by four forces, 
viz. jR, JS', W and W\ Hence resolving them vertically 
and horizontaUy, we find 

Rcos0 + R'cos(t>- ^^ ^' = (3)» 

and J? sin - jR' sin (p = (4). 

These four arje all the indqpendelit equations which elm 
be derived from the mechanical properties. of the machine; 
there are however two others, which express its geometrical 
properties, derived from the triangle DCEf, viz. 



(5) DC^-±^i-,BndEC^-r 



banO. 



From (1) and (5) we find 

Wa cos sin (0 + 0) 
o sm 

4 

and from (2) and (6) 

, W'a cos (p sin (0 + (f>) 

which being substituted in (S) and (4) give 

ur . nr^ ' rn ../JTacos^e TFVcos^AN 

^' \ 5sm.0 6sm6l y 



(6), 
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and = Wa sin' d cos d — W*a sin' ^ cos (p^ 

which two equations are sufficient for the determination of 
d and 0. 

Cor. If the rods are equal in all respects, these two 
equations become 

and s sin' cos — sin' cos ^ ; 
the last of which gives 

e~(f> (J), 

or 1 s cos'0 + cos cos + cos'^ (J7). 

Let us consider these two results separately, and 
(1) When ^(p equation (7) gives 



cos 



ik)- 



whence the position of the rods is known. This position is 
symmetrical with regard to a vertical line through C 

(2) The equations (B) and (7) shew that and <j> are 
interchangeable, and consequently there are, besides the 
symmetrical position just found, two unsymmetrical positions 
of equilibrium, similarly situated on each side of the first 
found position. They may be found by means of (7) 
and (J?). 

27. A solid of any form is placed with its convex 
surface upon a horizontal plane; to find the position of 
equilibrium. 

Let z ^f(af, y) be the equation of the surface, referred 
to three rectangular axes in the body: and \eiwyx be the 
co-ordinates of the point in contact with the horizontal plane, 
and iy^ those of the centre of gravity referred to the same 
axes. Then the plane on which the body stands being a 
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tangent plane, if a(iy be the inclinations of the co-ordinate 

TT *7r TT 

axes to the horizon, a, /3, y will be the in- 

clinations of the vertical through the point of contact to 
the co-ordinate axes; this vertical line is a normal, and 
therefore 



sm a = 



-d,af 



\/i + {d,%y + {d^%y 



sin/3 = 



sm y = 



- V 



1 



) 



(1). 



But since the solid rests upon a point, the vertical through 
that point must pass through the centre of gravity of the 
solid, i. e. the normal at the point of contact passes through 
the centre of gravity of the solid ; hence the equations of 
the normal give 



(2), 



^ = y " y + ^y^-(^ - ^) 
These two equations, together with the equation 

^ =/(^5 y) 
will enable us to find ^, y, ^; and thence a, j3, 7 from (l). 

Ex. Suppose the solid to be the eighth part of a sphere 
comprehended between three rectangular planes: to Jind 
the position in which it will rest with its conveaf surface 
on a horizontal plane* 

Let its equation be 



.\ djgZsa — -, and d^x^ — -. 
z ^ z 
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Also from Ex. 1. Art 177, we have 

S - 3 ^ S 

hence making substitirtion in equations (2) we obtain 

fl? = y =5«r; 

these two equations joined with the equation of the surface 
of the ellipsoid give 

a a a 

x^—y^y y^—r^y ^^—7='^ 
VS VS VS 

.-. dg» « - 1, and dy«« - 1. 

Consequently 

sin a B^ sin )3 s sin Y 



^/'s' 



28. To determine the nature of the equilibrium when 
a body of giten form ' rests upon a given curve surface. 

At the point of contact of the given body with the surface 
on which it rests in equilibrium, the two surfaces will have 
a common normal, which will be vertical and pass through 
the centre of gravity of the body. Let DAd (fig. 104) be 
this normal, A being the point of contact of the two sur- 
faces BC^ be; and D, d being the centres of curvature of 
the arcs Bd be corresponding to the point A ; and let G 
be the centre of gravity of the body. Let now the body 
be made to roll over a very small arc AP, and thereby to 
come into the position b'b' ; A\ G\ d' being the new positions 
of -4, G, d ; and P being the new point of contact. By this 
movement the point ui' will trace out. a small portion of an 
epicycloid, which at the very beginning of the motion is 
perpendicular to the surface at A\ hence A' begins to move 
along the line Ad* We suppose the displacement of the body 
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SO small that J' is in Ad. Draw Pp vertical. If Pp pass 
through Gr the body is still in equilibrium ; but if G' lie 
to the right of Pp (as in the figure,) the body when left 
to itself will roll back into its original position ; and lastly, 
if G' lie to the left of Pp, the body will roll farther frou^ 
its first position. Hence the first position is one of stable^ 
tinstable, or neuter equilibrium according as 

J'p is >< or = A'Cf. 

To express this result analytically, let p, p' be the radii 
of curvature DA, dA. 

Then because the lines Pp, DJ' (for A^ is in the line Dd) 
are parallel ; 

Dd: A'd: p^p p 

DP A!p p Ap 



.•. Jlp = 



99,, 
9^9 



Hence the equilibrium is stable^ unstable^ or neuter ac- 
cording as 



^^ 7 is > < or = AG. 



p-Vp 

Cor. 1. If the surface on which the body rests be con- 
cave, we must account p negative in the above result. 

Con. 2. If the surface be a plane, we must make p infi- 
nite, and then since 

99 ^ 9 / 

— — B , m py . 

P 

in that case, the equilibrivim vill be stable, tmat(Me, of neuter 
according as 

- • • • * 

p is >< or = AG. 

Cob. 3, If the lower surface of the body be a plane, we 
must make p infinite, aiid then the result is 

p is >< or ^AG. 
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Ex. Find what segment of a paraboloid will rest in 
a position of neuter equilibrium upon a spherical surface 
of given radius. 

Let w be the length of the axis of the paraboloid, 4m 
its latus rectum ; and a the radius of the spherical surface. 
Then from Ex. 5, p. 101, we have 











AG^ 


2*v 
3 ' 


and 


by 


the 


Differential 


Calculus 












2971, 








and .'. 


2a? 
S 


2ma 




^m + a 








• 


•. J? s= 


3ma 



2971 + a 

29. A string is stretched along a smooth curve line of 
any form by two equal forces, required the unit of pressure 
ewerted by it upon the cylinder at any point. (Fig. 105.) 

Let AHB be the curve line along which the string is 
stretched by the two equal forces P, Q. Let JffjET be a 
very small arc, and at H^IT draw tangents meeting in Ky 
and normals HO, H'O. Join JTO, and put Z HOff^ hO. . 
The portion of string HE' is kept in equilibrium by the 
tensions at jff, jET, each of which is equal to P or Q; 
and by the reactions of the curve line jffjET, which being 
smooth, the reaction at every point will be in the direction 
of a normal. Hence the resultant of all the reactions on 
HIT will pass through O, and as it must also pass through 
Ky it acts in the line OK. Hence by Art. 28, 

resultant reaction on Hff : P :: sin HKH! : sin OKH 

:: sin HOff : cos KOH 
:: So : 1 ultimately; 
••. resultant reaction on Hit = P. SO. 
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Now when the arc HIT is diminished indefinitely, the 
pressures upon it may be all considered parallel, and there- 
fore their resultant is equal to their sum. 

Consequently the pressure upon the indefinitely small arc 
Hff is equal to P^d or to 

« 

arc 
P. 



rad. curv. ' 



and the unit of pressure (or pressure on an arc of the length 
unity) 

tension of string 

rad. curvature 

Cor. Let C, D be the points where the string leaves 
the arc; and let p be the whole pressure upon CH-^ and 
let e= the angle between the normal at C and that at H ; 
then ^p = the pressure upon HH'y and by what has just 
been proved 

hp^P^e\ 

r. p + C ^ P9. 

But when 0=0, p = 0, and therefore C = ; 

.-. p = P9. 

If a be the angle included between the normals at C 
and J>, and p' the pressure upon the whole arc CHD, 

p = Pa. 

It is remarkable that this result is independent of the form 
of the curve, providing it be in every part convex towards 
the string in contact with it. 

30. A string is stretched along a rough curve line of 
any form by two such forces that the string is on the 
point of moving. Having given the coefficient of friction^ 
find the proportion of the forces, (Fig. 105.) 

Let Q be the larger force \ t^ t -¥ ^t the tensions of the 

string at H^'ff; fi. the coefficient of friction; 0, SO^ a ds 

before. Then the pressure on HH' « tSO, and therefore 

the friction on Hff ^ fxthd\ but the arc JET^T being pulled 

P 
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in opposite directions by the forces tj t -{■ St^ the latter is 
prevented from producing motion only by the friction on HH'\ 



• • 



t ■'*♦ 



when = 0, ^ = P, and when = a, ^ = Q ; wherefore 

This result is independent of the form of the curve. 

31. A uniform heavy chain is laid upon a smooth arc 
of a quadrant of a circle^ and coincides with it ; one of 
the hounding radii of the quadrant being horizontal, and 
the other vertical. Find the force necessary to prevent the 
chain from sliding down the arc : and compare the pressure 
upon the curve with the weight of the chain. (Fig* 106.) 

Let F be the force jirhich, acting horizontally at J?, just 
prevents the chain from sliding down the quadrant. Let 
P, Q be two points very ^ near to each other; a ^ AOy 
= JOP, S9 = POQ, t and t + St the tensions of the chain 
at P and Q; p = the pressure upon the arc AP^ and Sp 
= that upon PQ ; /) = the weight of a piece of the chain 
of the length 1. Then the elementary portion of chain PQ 
is kept in equilibrium by the tensions ty t + ^1, its own weight 
paSdy and the reactions of the curve PQ\ to avoid the latter, 
take the moments of these forces about the point ; 

/. = (^ + 5^)a — ^a -poS0 . a COS0; 

.*. d^t =i pa COS 9 ; 

.•. ^ = jofl sin + C. 

But at Ay t^Oy 0=0, and .-. C = ; 

.•. t^ pa sin 6. 

And at 5, ^ = P and 0= J; 

2 
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.*. F ^ oa 



= the weight of a piece of the chain, the length 
of which is equal to the radius. 

Again, to find the pressure upon the quadrant. 

The pressure of the elementary portion PQ is due to 
two causes, viz. its own weight, and the tensions t and t -^-It. 
The former part ^s paSd sin 0, and the latter part ^ tSOy 
by Prob. 29 ; 

.-. Sp = paSO sin 9 + tSO ; 
.*. dgp = pa sin + pa sin ; 
.•. p sa - 2pa cos + C. 
At J, = and p = ; .-. C = 2pa ; 

.•. p = 2pa (l - cos 0), 

and at 5, = - and p = the whole pressure on the quadrant^ 

s 2pa; 



press, on quad. 2 pa 4» 
weight of chain tt tt 

2 



pa— 



32. ^ Supposing the quadrant to be roughs to Jind the 
least value of F which can prevent the chain from sliding 
off; having given the coefficient of friction (= /ix). 

In this case the chain is on the point of moving towards 
the point -4, consequently friction acts up the quadrant. 

The forces which keep PQ in equilibrium are tfm,t + St, 
fiSp, paS0y and the normal reactions ; to avoid the last, take 
the moments of the forces about the point O; 

.-. ss (/ + ^0^ - ta + fiipa - pal0 . acos0\ 

/. d^^ + /xd^p = /9acos0......(l). ' 

p 2 
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Also as before 

^p - paS9 . sin e + tS0 ; 

.'. d^p.= pa sin 6 + t. 

Hence, substituting .this value of d^p in (l), 
d^^-f (i(pa sin + t) ^ pacosO ; 
.'. d^; + fit =^ pa (cos - /u sin 0). 

Multiplying this equation by e^^ and integrating, we find 
Now when = 0, ^ = ; 

2/UL 

.•. « r . pa -^ C. 

1 +M 

And when = - , t =: F; 

.-. Fe^ = ^.pae^ +C 



1 + yu" • 1 + /u 

.'. jP = . . oa - -^-^ . c >« . 



.2 0.M ^a M-^ 

1 + fx" ' l+f? 



2'P' 



CoE. If the pressure be required, it may be found by 
integrating equation (1) ; 

.\ t + jmp ^ pa sin 0, 
no constant being added, because ^, p, $ vanish together; 

.', p =i — , sm 9 . 
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Hence when = — , we have the pressure on the quad- 
rant 

pa F 
M /^ 
pa 1 - /ui* pa 9,pa -^ 

Qpa y ^ftl 



1 +/X 



APPENDIX. 



ON THE COMPOSITION OF TWO FORCES ACTING ON A POINT, 



1. Since two forces which are in equilibrium must neces- 
sarily be equal and opposite, two forces F^ and F^ which 
do not act in opposite directions, must necessarily have a 
resultant, the position of which we shall proceed to determine. 

(1) The resultant of two forces F^ and F^ acting on a 
point P, is situated in the plane F^PF^. 

For if it be not in that plane, it must be either above or 
below. But it cannot be above ; for, any reason which would 
assign it such a position might be used to assign it a similar 
position below ; for these two positions are similarly situated 
with regard to the forces F^ and /'g; there would consequently 
be two resultants, which is impossible. The resultant then 
cannot be situated above the plane of the forces ; and in a 
similar way we may shew that it cannot be situated below, 
and therefore it must be in the plane. 

(2) It lies within the angle F^PF^. 

For the tendency of F^ is to draw the particle P in the 
direction PJ\, while that of F^ is to draw it in the direction 
PjPg, and hence it is probable the real motion, which is the 
result of these united tendencies, will not be in the direction 
of either, but intermediate to both ; and therefore within the 
angle F^PF^i consequently the resultant, which is a single 
force that would produce the same motion, must be situated 
within the angle F^PF^. 

What is here stated with regard to the 2nd Case, can 
hardly be called a proof, but is rather a strong reason for 
presuming that the resultant is situated within the angle 
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included by the forces. Perhaps, after n^hat is said in the 
1st Case, it may be regarded as an axiom. 

2. Since Fi and F2 do in part hinder each other from 
producing their whole effects, it appears that their resultant 
must be less than their sum ; for their resultant can only be 
equal to their sum when neither interferes with the other, 
which is not the case unless they act in the same direction ; 
consequently 

3. If the forces Fj and Fg are equals their resultant B 
will bisect the angle FiPFg. 

For if there be a reason why PR should lie nearer to PFi 
than to PF29 there must be a similar reason why it should 
lie nearer to PF2 than td PF^ since the forces are equal; 
and hence there would be two resultants, which is impossible : 
consequently PR bisects the angle FyPF^- 

4. Having thus determined the direction of the Resultant 
of two equal forces, we proceed to Jind its magnitude. 

Let Fi, /i (fig. 107) be two equal forces acting on the 
particle P, and R their resultant bisecting the angle F^Pf . 
Since R is less than the sum of the two forces Fi and y\ 

R R 

it is clear that -_ , or its equal — - , is always less than 

Fi+fi 2/^1 

1 ; and, consequently, an angle may be found such that 

-— - = cos 0f 

2FI 

or Rss 2F1 cos 9. 

The angle 9 is unknown at present, but from Art. 19, we 
learn that so long as the angle F^Pf remains the same, 9 
continues unchanged; that is, if we have two sets of forces 
inclined at the same angle with each other respectively, we 
shall have i? = g/'j cos 0, and R' = ZF^ cos 0, and therefore 

R : R' :: F, : F^ (A), 

that is^ the resultants are proportional to the components. 
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V 

Let now F^^ fi be two other equal forces acting on P 
whose resultant is also equal to fi, the angles F^PF^^ /i^/s 
being each equal to RPF^ or RPfi. Now at P apply four 
forces, each equal to a?, two of them respectively in the direc- 
tions PFi, Pfiy and the other two in the direction PR ; and 
let them be of such magnitude, that Fi may be the resultant 
of the one in the direction PF2 and one in the direction 
PR. Then, since these two contain the same angle as jP^ 
and fij and Fi is their resultant, 

Also, if we substitute instead of F^ and /j, their com- 
ponents, we may consider R as the resultant of the forces 
07, Wy J?, and w; of which two act in the same direction as 
R ; and, consequently, R ^2x is the resultant of the two 
d?, <r, which act in the directions PF^^ Pf^^ and since, by 
hypothesis, R is the resultant of F^ and f^^ which act in 
the same directions as ^r, ^, 

.*. -R : jR- 2zr :: F2 : <2?, from (A); 

R R 
F^ w 

But i? « 2 jFi cos = 2 . 2a? cos . cos fl = 4zr cos* Q ; 

R 

.'. -— as 4 cos* 0-2 
F 

= 2 (2 cos* 6-1) 

= 2 cos 20; 

.-. R = 2jPaCOs20. 

It appears then, that in the formula 

R = 2j'jcos0, 

if we double the angle at which the forces are inclined, we 
must also double 0, 

We will now suppose, that when the angle at which 
the forces act is a multiple n, or any inferior multiple, of 
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F,Pf,, it is true that in the same formula the corresponding 
equimultiple of d is to be taken ; so that 

i?=:2jP,cosw0=2F„.iCOs(n- 1)0« ... ^ZF^co^O. 

Apply (fig. 108) at P, as before, four forces in the di- 
rections PF„+i, PP„_i, P/„+i, and Pfn^x respectively, . each 
of such a magnitude w that F may be the resultant of 
the two in the directions PP^+i, PP^-i, and /„ of the other 
two; 

.-. P„ = 24? cos i9.* 

But if, instead of the forces P„, /«, we substitute their 
four components, we may consider R as the resultant of the 
forces ^, 07, ^, and iT, of which two acting in the directions 
PP„_i, P/n-i will have 2^ cos {n -1)9 for their resultant 
in the direction PR^ and consequently JR — 2 a? cos (w - 1) 
is the resultant of the other two which act in the same 
directions as P,+i and/^+i; consequently, from (A), 

JJ : R — ^wco%{n - 1) :: P«+i : a?; 

R M , V /* 
2 cos (» - 1)0 



R 

= 2 cos d cos nd - 2 sin d sinnO. 

w 

But jR s 2P^cosnd«4/vcosdcosn0; 

R 

.*. -= — = 4cos0cosnd-2cos0cosn0 '-2 sindsinn^ 

s 2 (cos d cos 710 - sin 9 sin nd) 

= 2 cos (« + 1) ; 

.-. R = 2P,+i cos (n + 1) 9. 

Hence the formula is true for a multiple (n + 1) if it be 
true for n and all inferior multiples : but it has been shewn 
to be true for 2 and 1, and consequently it is true for mul- 
tiples 3, 4, 5, 6, ... and generally, by induction, for any 
multiple whatever. 



• For the iF^i PF^y = IF^ Pf^ , (Fig. 107). 
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It appears then, that as we increase the angle at which 
two equal forces (F, f) act, we must increase the angle Q 
in the' same proportion, and then, that the formula 

J? -2/' cos 

still holds good. This, however, supposes the angle between 
the forces to be a multiple of F^Pfi (fig. 107), which may 
not happen to be the case ; but by taking the original angle 
Fi Pfi exceedingly small, we may find a multiple of it which 
shall diflfer from FPf a proposed angle by less than any 
assignable quantity. It is evident then, that FPf and 
have an invariable ratio to each other, so that if FPf « 2 0, 
then 



— sa constant quantity = c suppose ; 

.•• R = aj^cosc^. 

To determine the value of c, we observe that if F 
and / act at an angle tt, or are opposite to each other, 

I in which case ^ = - I they have no resultant ; 

.*. = 2j^cos — , 

2 

CTT 

.'. COS — =0. 

2 



IT 



Now none but angles which are odd multiples of - 
have their cosines = ; 

.*. c = an odd integer, « 1 as we shall shew. 
For if c is not s= 1, let the angle FPf be such that 

TT 

d) = — , which is therefore less than a right angle, and then 



2c 



TT 

R = 2F cosed) = 2Fcos- =0. 

^ 2 
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But since the angle FPf is, in this case, = — , and 

c 

4 

therefore less than tt, the resultant cannot be = 0, which 
is absurd, and consequently c = 1. We arrive therefore at 
the general result, that if F^f be two equal forces acting 
on a particle, and inclined to each other at the angle 20, 
their resultant R is inclined to each of them at the angle 
0, and its magnitude is determined by the equation 

R -2Fcos(p. 

5. It will be immediately obvious that, since the forces 
F and / are perfectly equal and similarly situated with 
respect to PR^ they contribute equally to the resultant R; 
and, consequently, the efficiency of each in the direction 
PR is equal to ^R, or Fcos(p. 

6. To determine the magnitude and direction of the 
resultant of any two forces acting on a particle. 

Let F, f (fig. 109) be the two forces acting on the 
particle P; R their resultant, perpendicular to which draw 
LPM ; let a, /3 denote the angles FPR, fPR respectively, 
and (p the angle FPf between the' forces. Then the effi- 
ciencies of F and /, in the direction PR, are respectively 
Fcosa, /cos/3, the sum of which must be equal to if, 
since the efficiency of R is equivalent to the united efficien- 
cies of F and / in any proposed direction, because R is 
their resultant; 

.-. R = Fcosa +fcos(i (l). 

Now the efficiency of R in the direction PL perpen- 
dicular to itself = R cos 90® «= ; and the efficiency of F in 
the direction PL = F cos FPL, and that of/ in the same 
direction = f cos f PL ; 

/. ^ Fcos FPL +f cos f PL, 

or = i^'cos f J - aj +/cos (^ + /S) , 

or 0«Fsina - -Fsin/3 .(2). 
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and by squaring equations (l) and (S), we have 
JP = JP*cos^a + 2/yco8 acos (i +/* cos* /3, 
« J^sin'a - 2jP/sinasin^ +/*sin*/3; 
and adding these together, 

R^ = F*+ 2jP/(cosoco8/3- sinosin/3) +/* 
But because (j> s a + /3 ; 

.*. cos (f> s cos a cos /3 - sin a sin fi ; and, consequently, 

iJ* = /^+2F/cos0+/«. 

This equation shews that the diagonal of a parallelogram 
represents the magnitude of the resultant of two forces, which 
are themselves represented in magnitude and direction by the 
sides: and equation (2) shews that the same diagonal also 
represents the direction of the resultant. 



MISCELLANEOUS PROBLEMS. 



1. Two given weights are suspended from the ends 
of a bent lever, the arms of which are given, and include a 
given angle; find the position of equilibrium. 

2. A bent lever of uniform thickness rests with its shorter 
arm horizontal. But if the length of this arm were doubled, 
the lever would rest with the other arm horizontal. Compare 
the lengths of the arms, and find their inclination. 

3. Two forces act at angles a/3 upon the arms a, 6 of a 
straight lever which is not attached to its fulcrum. Shew 
that if there be equilibrium a : b :: tan)3 : tana. 

4. The beam of a false balance being uniform, shew 
that the lengths of the arms are respectively proportional to 
the difierences between the true and apparent weights of a 
given substance. 

5. A beam of oak 30 feet long balances upon a point 10 
feet from one end : but when a weight of 10 lbs. is suspended 
at the thin end, the prop must be moved 2 feet to preserve 
equilibrium. Find the weight of the oak. 

. 6. Two equal forces act in opposite directions along two 
opposite sides of a parallelogram^ and a third force along the 
diagonal. Find the force which will keep them in equili- 
brium. 

7* If forces proportional to the sides of a polygon be 
applied in the. plane of. the figure at the middle points of the 
sides and perpendicular thereto, they will balance. 

8. A given body is supported on an inclined plane, first 
by a power parallel to the base^ and then by a power parallel 
to the plane. Compare the pressures on the plane in the two 
cases. 
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9* A rope of given length is used to pull down a ver- 
tical pillar ; at what height from the base of the pillar must 
it be fastened that a given force pulling it may be most effica* 
cious ? 

10. A weight P hangs vertically by a string from a fixed 
point A\ a string PBW being now fastened to Pis passed 
over a fixed pulley B (so that BP is horizontal) and sup- 
ports a weight W. Find how much this will draw AP from 
the vertical. 

11. C, D are two smooth pegs, and ACDB is a heavy 
circular arc, which passes over one peg and under the other : 
find the position of equilibrium. 

12. A given sphere rests between two given inclined 
planes, find the pressure upon each. 

13. Two weights support each other on two given inclined 
planes which have a common vertex, by means of a string 
passing over the vertex ; find the proportion of the weights. 

14. A given cone is placed with its base on an inclined 
plane, the coefiicient of friction for which is known : determine 
whether, upon increasing the inclination of the plane, the 
cone will tumble or slide. 

15. A weight is suspended from one extremity of a string 
which passes over two fixed pulleys and through a ring at 
its other extremity; find the position of equilibrium. 

16. A given beam rests with its lower end on a smooth 
horizontal plane, and its upper end on a given inclined plane ; 
find the force which must act at the foot of the beam to 
prevent sliding. 

17. Two given heavy particles being connected by an 
inflexible rod of given length are placed within a hemispherical 
bowl ; find the position of equilibrium, and the compressing 
force upon the rod. 
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18. A rigid rod AB is moveable in a vertical plane 
about a fixed hinge A, the end B leans against a smooth 
vertical wall. Find the pressures on the wall and hinge. 

1 9* A beam of given length and weight is placed with 
one end on a vertical, and the other on a horizontal plane ; 
find the force necessary to keep it at rest, and the pressures 
on the two planes. 

20. A and B are two given points in a horizontal line^ 
to which are fastened two strings AC^ BCW of given lengths; 
the string BCW passes through a ring at C, and to it is 
fastened a given weight W\ find the position in which the 
ring will rest. 

21. AC 9 BCD are two given beams moveable in a ver- 
tical plane about hinges A^ B in sl horizontal plane. BD the 
longer leans upon the end C of AC the shorter. Find the posi- 
tion of equilibrium. 

22. If a rod rest in equilibrium with its ends on two 
smooth inclined planes, the intersection of the planes must be 
a horizontal line. 

23. A beam has a ring at one extremity which moves 
up and down a vertical rod. Find the position of the beam 
when it rests upon the arc of a circle a diameter of which 
coincides with the rod. 

24. The upper end of a given rod rests against a smooth 
vertical plane, and the lower end is suspended by a given 
string fastened to a point in the plane; find the position 
of equilibrium. 

25. A given uniform rod passing freely through an orifice 
in a vertical plane rests in equilibrium with one end upon a 
given inclined plane ; find its position. 

26. A heavy beam leans against an upright prop ; the 
lower end of the beam rests upon the horizontal plane and 
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is prevented from « sliding by a string tied to the bottom of 
the prop ; required the tension of this string. 

27* Out of a square it is required to cut a triangle such 
that the remaining figure may have its centre of gravity 
where the vertex of the triangle was. 

28. If the sides of a triangle taken in order be cut pro- 
portionally, the triangle formed by joining the points of divi- 
sion will have the same centre of gravity as the original 
triangle. 

29. Find the distance of the centre of gravity from the 
angular point of a uniform bent lever whose arms and the 
angle which they include are given. 

30. A solid composed of a cone and a hemisphere of equal 
bases, placed base to base, rests with the convex surface of 
the hemisphere upon a horizontal plane, and the axis of the 
cone in an inclined position; compare the dimensions of the 
cone and hemisphere. 

31. Determine the point in the curve surface on which a 
semi-paraboloid will rest on a horizontal plane. 

32. A solid generated by the revolution of a quadrant 
of an ellipse about its major axis, is placed upon a horizontal 
plane, with its axis in an oblique position; determine the 
position of equilibrium. 

33. An ellipsoid rests on a horizontal plane on the extre- 
mity of its mean axis ; shew how to estimate the stability with 
regard to a slight displacement in any direction. Define the 
direction which distinguishes between stable and unstable equi- 
librium. 

34. The centre of gravity of three weights a. (w — a)% 
6 . (w - (iy, c .(w - 7)% whatever be the value of w, will 
be situated in a line of the second order to which the lines 
joining the centres of gravity of the weights are tangents. 
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35. If a hemisphere and paraboloid of equal bases and 
similar materials have their bases cemented together, the whole 
solid will rest on a horizontal plane on any point of the 

spherical surface if the altitude of the paraboloid « (i\/ -^ 

a being the radius of the hemisphere. 

36. Three uniform beams AB^ BC^ CD^ of the same 
thickness, and of lengths ly2lj I respectively, are connected by 
hinges at B and C, and rest on a perfectly smooth sphere, the 
radius of which « 2 /, so that the middle point of BC, and the 
extremities Aj D are in contact with the sphere; shew that 

91 
the pressure at the middle point of BC «= — of the weight of 

the beams. 

37. A sphere of given weight and radius is suspended 
by a string of given length from a fixed point, to which point 
also is attached another given weight by a string so long that 
the weight hangs below the sphere ; find the angle - which 
the string, to which the sphere is attached, makes with the 
vertical. 

38. Two given beams Ad BDC lean against each other 
in a vertical plane ; and their ends A^ B resting on a smooth 
horizontal plane are prevented from sliding by a string AD^ 
which is fastened to the beam AC at A 9 and the beam BDC 
at D. Find the tension of the string. 

39. A cylinder, with its base resting against a smooth 
vertical plane, is held up by a string fastened to it at a point 
of its curved surface whose distance from the vertical plane 
is h. Shew that h must be > 6 ~ 2a tan 9 and < 6, where 26 
is the altitude of the cylinder, a the radius of the base, and 
the angle which the string makes with the vertical. 

40. A flat board in the form of a square is supported 
upon two props with its plane vertical : determine its positions 
of equilibrium, friction being neglected, and the distance 
between the props being equal to half a side of the square. 

Q 
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41. Detennine the position of equililmum of a uniform 
rod, one end of which rests against a phme perpendicular to 
the horizon, and the other on the interior surface of a given 
hemisphere. 

42. If the sides of a triangle ABC be bisected in the 
points Dy Ef F; then the centre of the circle inscribed in 
the triangle DEF is the centre of gravity of the perimeter of 
the triangle ABC. 

43. Three equal rods, loosely connected together by 
one extremity of eadi, have their other extremities placed 
upon a rough horizontal plane at the angular points of a 
given equilateral triangle. A smooth heavy ring is then placed 
on the rods ; find the coefficient of friction between the rods 
and the plane that the machine may just be on the point 
of falling. 

44. A cone and sphere of given weights support each 
other between two given inclined planes, the cone resting on 
its base; determine what must be the vertical angle of the 
cone, that the equilibrium may subsist. 

45. A given cylinder with its axis horizontal is held at 
rest on a given rough inclined plane by a string coiled round 
its middle and then fastened to the top of the plane ; find the 
position of equilibrium. 

46. A given weight is placed upon a rough horizontal 
plane ; required the magnitude and direction of the least force 
which will be able to move it. 

47. The resultant and sum of two forces are given, and 
also the angle which one of them makes with the resultant ; 
it is required to determine the forces and the angle at which 
they act. 

48. A circular hoop is supported in a horizontal position, 
and three weights of 4, 5, and 6 pounds respectively are sus- 
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pended over its circumference by three strings meeting in the 
centre; what must be their positions so that they may sustain 
one another ? 

49. Four beams, AB, BC, CD, DA (fig. 27) connected 

by hinge joints, have the opposite corners connected by two 

elastic strings AC^ BD. Shew that, tension of AC : tension 

AE.EC BE. ED 

of BD :: — — : —=r— . 

AC BD 

50. A uniform straight rod rests with its middle point 
upon a rough horizontal cylinder, their directions being hori- 
zontal and perpendicular to each other. Find the greatest 
weight which may be attached to one «nd of the rod without 
causing it to slide off the cylinder. 

61. Two equal uniform beams connected by a hinge joint 
are laid across a smooth horizont.al cylinder of given radius. 
Find their inclination to each other when in equilibrium. 

52. A particle is placed on the surface of an ellipsoid, 
and is attracted towards the principal planes by forces which 
are respectively proportional to its distance from them ; find 
the conditions of equilibrium. 

53. Prove the equality of the po wer and weight in 
Roberval^s balance by couples ; and find the strains upon the 
joints and pins. 

54. A particle is placed on the arc of a given parabola, 
and is acted on by gravity parallel to the axis, and a force 
perpendicular to it which is proportional to the distance of 
the particle from the axis ; find the position of equilibrium. 

55. If three parallel forces acting at the angular points 
Ay B, C o{ a plane triangle are respectively proportional 
to the opposite sides a, b, c; prove that the distance of the 
centre of parallel forces from A 

2bc A 

cos — . 



a + 6+ c 2 
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56. A ladder rests with its foot on a horizontal plane, 
and its upper extremity against a vertical wall ; having given 
its length, the place of its centre of gravity, and the ratios of 
the friction to the pressure both on the plane and on the wall ; 
find its position when in a state bordering upon motion. 

57> If a lever, kept at rest by weights P, Q, suspended 
from its arms a, 6, so that they make angles a, )3, with the 
horizon, be turned about its fulcrum through an angle 20, 
prove that the vertical spaces described by P and Q, are 
to one another as a cos (a + d) : b cos (/3 — d) ; and thence 
deduce the equation of virtual velocities. 

58. If S and D represent respectively the semi-sum and 
semi-difierence of the greatest* and least angles, which the direc- 
tion of a power supporting a weight on a rough inclined plane 
may make with the plane, and be the least elevation of the 
plane when a body would slide down it ; prove that the cosine 
of the angle, at which the same power being inclined to a 
smooth plane of the same elevation would support the same 
weight, 

cos*y ,^ 
= . cos {D + 0). 

COS0 ^ 

59. A roof ACB consisting of beams which form an 
isosceles triangle with its base AB horizontal, supports a given 
weight at C; find the horizontal force at A. Why must a 
pointed arch carry a heavy weight at its vertex? 

60. Four equal uniform beams connected by joints are 
symmetrically placed in a vertical plane, in the form of a 
roof: shew that if the extremities be in a horizontal line, 
and 0, be the inclinations of the beams to the horizon, 
tan Bi s tan 0. 

61 . A beam AB, capable of motion in every direction 
about a fixed ball and socket joint at A^ rests with its end 
B against a rough vertical plane; determine the extreme 
positions of equilibrium. 
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62. In the last question suppose the end B rests against 
a rough inclined plane ; determine the extreme positions of 
equilibrium. 

63. Three weights are suspended from the angles of 
an isosecles triangle, whose plane is vertical and which is 
supported by a horizontal axis, passing through its centre of 
gravity, about which it is capable of revolving. Determine 
its positions of equilibrium, the two weights suspended from 
the extremities of the base being equal, and each greater than 
the third : and shew in each case whether the equilibrium 
will be stable, unstable or neutral. 

64. A uniform rod, whose length is a, moveable freely in a 
vertical plane about a hinge at one extremity is attracted by a 
force varying as Z>~^, and acting from a centre at a height a 
directly above the hinge : find the position in which it will 
rest, and the nature of the equilibrium, supposing that the 
attractive force on the hinge is ^g, 

65. A hollow cylinder stands upon a smooth horizontal 
plane, and a light rod of given length, being in the same 
vertical plane with the axis of the cylinder, passes over the 
upper edge and rests against the interior surface. A given 
weight is attached to the other extremity of the rod, and 
the cylinder is just on the point of turning over. Determine 
its weight. 

66. A cylinder is laid upon two equal cylinders all in 
parallel positions, and the lower ones resting in contact with 
each other upon a rough horizontal plane ; find the relation 
between the coeificients of friction between the cylinders, and 
the coefiicient of friction between a cylinder and the plane, 
that all the points of contact may begin to slip at the same 
instant. 

67* Determine the conditions of equilibrium of a ma- 
terial point situated in an indefinitely thin tube and acted 
upon by any number of forces. 
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68. A chain of uniform density is suspended at its extre- 
mities by means of two tacks in the same horizontal line at a 
given distance from each other ; find the length of the chain so 
that the stress upon either tack may be equal to the chain^s 
weight. 

69. A uniform chain is suspended from two tacks in 
the same horizontal line at a given distance from each other. 
Find the length of the chain that the stress on the tacks 
may be the least possible. 

70. A cylinder rests with the centre of its base in con- 
tact with the highest point of a fixed sphere, and four times 
the altitude of the cylinder is equal to a great circle of the 
sphere : supposing the surfaces in contact to be rough enough 
to prevent sliding in all cases, shew that the cylinder may be 
made to rock through an angle 90^, but not more, without 
falling. 

71* A man runs round in the circumference of a given 
circle with a given velocity, determine the inclination of his 
body to the horizon. 

72. One end of a heavy rod can turn in every direction 
about a fixed point. The other end rests on the upper 
surface of a rough plane, (coefficient of friction /m) which is 
inclined to the horizon at an angle a. If (i be the angle 
which the beam makes with the plane, prove that the rod 
will not rest in every position, unless cot^a be not less than 

-5 + tan^ /3. 

73. A chain suspended at its extremities from two tacks 
in the same horizontal line forms itself into a cycloid ; prove 
that the density at any point oc sec^ (i^)> ^^^ ^^^ weight of 
the corresponding arc oc tan (^6), being the arc of the gene- 
rating circle measured from the vertex. 

74. A weight W is suspended from a point P of an 
uniform catenary APA\ O and (f are the lowest points of 
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two uniform catenaries, of which AP and J^P are parts. 
Shew that W is equal to the difference or sum of the weights 
of the portions OP^ C/P of the catenaries, according as AP 
and A'P are one or both less than a semi-catenary. 

76. If a chain acted on by gravity hang in the form 
of the curve whose equation is sec - = e", shew that at every 
point the density or thickness is proportional to the tension. 

76. A uniform catenary of given length is suspended 
from two given points at the same height, and is nearly hori- 
zontal ; in consequence of an expansion of its ipaterials the 
vertex of the catenary is observed to have descended through 
a small given altitude; find the increase of the length of 
the catenary, supposing its expansion to have been uniform 
throughout. 

77- An uniform elastic string being ^of such a length 
that when it hangs vertically, if an equal quantity were 
appended to the lowest point it would stretch it to twice that 
length ; what weight must be appended at the middle point 
that the increase of length may be three quarters of the 
original ? 

78. A given heavy elastic ring is passed over the vertex 
of a smooth vertical cone, and descends by its own weight ; 
required the position of equilibrium. 

79. Find the form of a uniform chain suspended from 
any two points on the surface of an upright cone, and resting 
on the curve surface. Find the tension when it becomes a 
horizontal circle. 

80. A given uniform rod is placed within a given rough 
hemispherical bowl ; find the limiting positions of equilibrium. 

81. If a right-angled triangle be supported in a hori- 
zontal position by vertical threads fastened to its angular 
points, each of which can just bear an additional tension of 



232 MISCBLLAKEOUS PKOBLElfS. 

w 

lib. ; determine within what' portion of the area a weight 
less than Slbs. may be placed without destroying the equi- 
librium. 

82. Find the magnitude of .the horizontal strain which 
a door exerts on its hinges ; shew that the vertical strain on 
each hinge is indeterminate. 

83. A beam, having one end on a vertical, and the other 
on a horizontal plane, is kept at rest by a string connecting 
its centre of gravity with the intersection of the planes. Find 
the tension of the string; and explain the result when the 
beam is uniform. 

84. A cycloid is placed with its axis vertical : a weight 
is supported upon its arc by an elastic string, the natural 
length of which is given, and one end of which is fastened to 
the top of the cycloid ; find the position of equilibrium. 

85. Three equal spheres are placed in contact upon a 
rough horizontal plane. If another equal sphere, placed upon 
them, just causes them to separate, what is the coefficient of 
friction ? 

86. An elastic chain laid upon a smooth inclined plane, 
one end being made fast to the top of the plane. The natural 
length of the chain is equal to the length of the plane ; find, 
how much of the chain will hang down off the plane when 
there is equilibrium. 

87. A string binds tightly together two smooth cylinders 
of given radii. Compare the mutual pressure between the 
cylinders with the whole pressure of the string upon them. 

88. Three equal smooth spheres are placed in mutual 
contact on a smooth horizontal plane, and are bound together 
by an elastic string in a plane containing their centres, the 
string not being stretched ; another equal sphere is then 
placed upoii them, and sinks till its lowest point is on a level 
with their centres. Find the elasticity of the string. 



< »l W»^, .1 >| , 



MISCELLANEOUS PROBLEMS. 233 

89* 'A string passing underneath a heavy pulley has its 
ends fastened to two points in a horizontal plane, the distance 
between the points being equal to the diameter of the pulley. 
Suppose the string to become elastic, and the pulley to be 
rough, find how far the pulley will sink below its first posi- 
tion. 

90. When any number of forces act on a body, shew 
that the plane on which the sum of the projections of the 
moments of the forces about a fixed point is a maximum, is 
perpendicular to the plane with respect to which this sum 
is 0. 

91. Assuming that if Sp^ iq^ Sr be the virtual velocities 
of three forces P, Q, R which keep a point at rest, 

PSp + QSq + RSr = 0, 

in whatever direction the virtual motion of the point takes 
place ; prove that the forces are proportional to the sides of 
a triangle drawn in their directions. 

92. If Jj By C represent the moments of a force round 
each of three rectangular axes which meet in a point, and 
a, /3, 7 be the angles' which a straight line through the point 
of intersection makes with each axis, the moment of the force 
round this line is A cos a + A cos /3 + C cos y. 

93. Three forces act on a point in directions respectively 
perpendicular to three rectangular co-ordinate planes, and each 
varying as the co-ordinate to which it is parallel ; shew that 
there are two planes, in either of which if the point be situated 
the resolved part of the whole force, which is parallel to the 
plane, tends to the origin and varies as the distance of the 
point from it. 
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John Deighton, 
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By the Rev. J. HIND, M.A., F.C.P.S., Sc F.E.A.8. 

Latt fellmi and TWor if Si^itfy Svtaez College, Camtridgi. • 

of ALGEBRA. 

8vo. 12s. 6d. 

The Principles and Practice of ARITHMETICAL 

ALGEBRA: Established upon strict methods of Mathe- 
madoal Reasoning, and IUu8tca1«d by Select Examples pro- 
posed during the last Thirty Years in the University of 
Cambridge. Designed for the lae of Students. Third 
Edition. 12mo. 5*. 

The Principles and Practice of ARITHMETIC, 

comprising the Nature and Use of Logarithms, -with the 
Computations employed by Artificers, Gagers, and Land 
SurreyoTS, Sixth Edition. 12mo. it.Gd. 



By the Eov. J. HYMEM, D.D. 

Fellow and Ibtor of St. Jiihit'i College, Camiridge. 



A Treatise on TRIGONOMETRY. 

Third Edition, corrected and improved. 8yo. 8s. 6d. 

A Treatise on SPHERICAL TRIGONOMETRY. 
Sto. 2f. 6(f, 



6 Mathematics. 

Essay towards an Improved System of DIFFE- 
RENTIAL LIMITS. By the Rev. J. HORNER, M.A., 
late Fellow of Clare Hall, Cambridge. 8to. 2<. M. 

Elements of the CONIC SECTIONS, with the 

Sections of the Conoids. By the Rev. J. D. HUSTLER, 
late Fellow and Tutor of Trinity College, Cambridge. Fourth 
Edition. 8to. 4«. 6<j. 

MATHEMATICAL TABLES. By Dr. Hutton, 

Edited by O. GREGORY, M.A. Eleventh Edition. 

Royal 8vo. 18«. 

THEORY of HEAT. By the Rev. P. Kelland, 

late Fellow of Queens' College, Cambridge. 8vo. 9** 

By W. H. MILLER, M.A. | 

Profenor of Mmeralogif in ihe Uhwerrity of OimMofge. 

The Elements of HYDROSTATICS and HYDRO- 
DYNAMICS. Fourth Edition. 8vo. 6». 

1 

Elementary Treatise on the DIFFERENTIAL 

CALCULUS. Third Edition. 8vo. 68. 



A Treatise on CRYSTALLOGRAPHY. 



John Deighton, 
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8vo. 7s, 6rf I 



THEORY of ELECTRICITY, Elementary Prin- 
ciples of the. By the Rev. R. MURPHY, M.'A., late 
Fellow of Cains College, Cambridge. 8vo. 7». 6d, 

SIR ISAAC NEWTON and Professor COTES, 

Correspondence of, including Letters of other Eminent Men, 
now first Published from the Originals in Trinity College "^ 

Library ; together with an Appendix, containing a varie^ 
of other Unpublished Letters and Papers of Newton's, With 
Notes and Synoptical View of Newton's Life, by the Rev. . 

J. EDLESTON. M. A. , Fellow of Trinity College, Cambridge* f 

Svo. 10«. 
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NEWTON'S PRINCIPIA, the First Three Sec- 

tions of, with an Appendix; and the Ninth and Eleventh 
Sections. Edited by the Rev. J. H. EVANS, M.A., late i 

Fellow of St. John's College, and Head-Master of Sedburgh * 

Grammar School. Third Edition. Svo. 6s. 
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Mathematics. 7 

By the Bev. M. O'BRIEN, VLJl 

Jh'ofeteor of Natural ^hUosc^hjf^ ISng'* College^ London, 

MATHEMATICAL TRACTS. On La Place's 

Coefficients ; the Figiire of the Earth ; the Motion of a Rigid 
Body about its Centre of Gravity ; Precession and Kwtation. 

8yo. 4«. 6e?. 

An Elementary Treatise on the DIFFEKENTIAL 

CALCULUS, in which the Method of Limits is exclusively 
made use of. 8vo. 10«. 6<^. 

A Treatise on PLANE COORDINATE GEOME- 

TRY; or th3e Application of the Method of Coordinates to 
the Solution of Problems in Plane Geometry. 8vo. 9«. 



A TREATISE on ALGEBRA. By the Rev. G. 

PEACOCK, D.D., Dean of Ely, Lowndean Professot of 
Astronomy, &c. &c. 

VoL I. Arithmetical Algebra. 8vo. 15«. 

Vol. II. Symbolical Algebra, and its Application to the 
Geometry of Position. 8vo. 16^. Gcf. 

TRANSACTIONS of the CAMBRIDGE PHILO- 

SOPHICAL SOCIETY, 8 vols. 4to. with Plates, 16/. 3*. 

The Elements of the CALCULUS of FINITE 

DIFFERENCES, treated on the Method of Separation of 
Sjrmbols. By J. PEARSON, B.A., Trinity CoUege, Cam- 
bridge. Second Edition, enlarged. 8to. d«. 

Geometrical Illustrations of the DIFFERENTIAL 

CALCULUS. By M. B. PELL, B.A., FeUow of St. John's 
College. 8vo, 2*. 6rf. 

SENATEHOUSE PROBLEMS for 1844. With 

Solutions, by M. O'BRIEN, M.A., Caius College, and 
R. L. ELLIS, M.A., Trinity College, Moderators. 

4to. aewedf 4s. %d, 

A Treatise on the MOTION of a SINGLE PAR- 

TICLE, and of two Particles acting on one another. By 

A. SANDEMAN, M.A., late FeUow and Tutor of Queens' 

j College, Cambridge. / 8to. 8^. 6/f. 

Cambridge. 
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8 Mathematics. 

By W. WALTON, M.A. 

IHntty OoUeget Oamhridge. 

A Collection of Problems in Illustration of the 

Principles of THEORETICAL HYDROSTATICS and 
HYDRODYNAMICS. 8vo. 10s. 6rf. 

A Treatise on the DIFFERENTIAL CALCULUS. 

8vo. 10». 6rf. 

A Collection of Problems in Illustration of the 

Principles of THEORETICAL MECHANICS. 8vo. 16*. 

Problems in Illustration of the Principles of PLANE 
COORDINATE GEOMETRY. 8to. 16«. 




The Principles of HYDROSTATICS: An Ele- 

mentary Treatise on the Laws of Fluids and their Practical 
Application. By T. WEBSTER, M.A., Trinity College. 
Third Edition. 12mo. 7«. 6rf. 

The Theory of the Equilibrium and Motion of 
FLTHDS. By T. WEBSTER, M.A. 8vo. 9». 

The Elements of PLANE TRIGONOMETRY, 

with an Introduction to Analytical Geometry, and numerous 
Problems and Solutions. By J. M. A. WHARTON, M.A. 

12mo. 4«. Qd. 

The Elements of ALGEBRA, Designed for the 

use of Students in the University. By the late J. WOOD, 
D.D., Dean of Ely, Majster of St. John's College, Cambridge. 
Thirteenth Edition, revised and enlarged, by T. LUND, 
B.D., late Fellow and Sadlerian Lecturer of St. John's Col- 
lege, Cambridge. 8vo. \2a, 6d. 

A Companion to Wood's ALGEBRA. Containing 

Solutions of various Questions and Problems in Algebra, and 
forming a Key to the chief difficulties found in the Collection 
of Examples appended to Wood's Algebra. By the Rev. 
T. LUND, B.D. 8vo. 6s. 

John Deighton, 
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By W. WHEWELL. D.D. 

Master of Trinity Oollege, Cambridge. 

CONIC SECTIONS: their principal Properties 

proved Geometrically. 8vo. 1». Qd. 



An Elementary Treatise on MECHANICS, intended 

for the use of Colleges and Universities. Seventh Edition, 
with extensive corrections and additions. 8vo. 9s. 



On the FREE MOTION of POINTS, and on 

Universal Gravitation. Including the principal Proposi- 
tions of Books I. and III. of tide Principia. The first 
Part of a Treatise on Dynamics. Third Edition. 8vo. 10«. Cd. 

On the CONSTRAINED & RESISTED MOTION 

of POINTS, and on the Motion of a Eigid Body. The 
second Part of a Treatise on Dynamics. Second Edition. 

8vo. 12«. 6rf. 

DOCTRINE of LIMITS, with its Applications : 

namely, Conic Sections ; the First Three Sections of Newton ; 
and the Differential Calculus. 8vo. 95, 



ANALYTICAL STATICS. 

8vo. 7». 6d. 

MECHANICAL EUCLID, containing the Ele- 

ments of Mechanics and Hydrostatics, demonstrated after 
the manner of Geometry. Fifth Edition. 12mo.. 5«. 

The MECHANICS of ENGINEERING, intended 

for use in the Universities, and in Colleges of Engineers. 

8vo. 9*. 



A Collection of Examples and Problems in PURE 

and MIXED MATHEMATICS ; with Answers and occa- 
sional Hints. By the Rev. A. WRIGLEY, M.A., of St. 
John's College, Cambridge, Mathematical Master in the 
Honourable East India Company's Military Seminary, Ad- 
discombe. Second Edition, altered, corrected, and enlarged. 

8vo. 8*. 6rf 

Cambridge. 
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THEOLOGY. 




An INTRODUCTION to the STUDY of Hie 

OLD TESTAMENT. Bj Auhsd BA£RT, M.A.. Sub- 
warden of Trinity Ck>Ilege, GleniJmond, and late Fellow 
of Trinity College, Cambridge. P rqpo rimg , 

PHRASEOLOGICAL and EXPLANATORY 

NOTES on the HEBREW TEXT of the Book of GENESIS. 
By the Bey. Thbodobb PRESTON, MJk.., Fellow of Trinity 
College, Cambridge. Preparing. 



A COMMENTARY upon the GREEK TEXT 

of the EPISTLES of St. PAUL : for the Use of Students. 
Conducted by sereral Fellows of St. John's College, Cnn- 
bridge. To be followed by a Commentary on other parts 
of the New Testament. Preparing. 



A HISTORICAL and EXPLANATORY TREA- 
TISE on the BOOK of COMMON PRAYER. By the 
Rev. W. G. HUMPHRY, B.D., FeUow of Trinity Coflege, 
Cambridge, and Examining Chaplain to the Loid Bishop 
of London. iVgwrtwy, 



The HISTORY and Theology of the " THREE 

CREEDS." By the Rev. William Wigan HARVEY, 
M.A., Rector of Bnekland, Herts., and late FeUow of King's 
College, Cambridge. PrqMring. 



An EXPOSITION of the XXXIX ARTICLES, 

derived from the Writings of the Older Divines. By the 
Rev. W. B. HOPKINS, M.A., Fellow and Tntor of St. 
Catharine's Hall, and formerly Fellow of Cains College, 
Cambridge. Preparing^ 



The ROMAN CATHOLIC DOCTRINE of the 

Encharist Considered, in Reply t o Dr. Wiseman's Argument, 
from Scripture. By THOMAS TURTON, D.D., some time 
Regius Professor of Divinity in the University of Cambridge, 
and Dean of Peterborough, wow Bishop op Ely. A New 
Edition. Preparing^ 

John Deighton, 
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A TRANSLATION of the EPISTLES of CLE- 

MENT of Rome, Polycarp, and Ignatius; and of the 
Apologies of Justin Martyr and TertuUian : with an Intro- 
duction and Brief Notes illustrative of the Ecclesiastical 
History of the First Two Centuries. By the Rev. T. 
CHEVALLIER, B.D., late Fellow and Tutor of St. Catha- 
rine's Hall. New Edition. 8yo. 12«. 



LITURGI^ BRITANNIC JE; Or the several 

Editions of the Book of Common Prayer of the Church of 
England, from its compilation to the last revision ; together 
with the Liturgy set forth for the use of the Church of 
Scotland ; arranged to shew their respective variations. By 
W. KEELING, B.D., Fellow of St. John's College, Cam- 
bridge. Second Edition. 8vo. 16«. 

A HISTORY of the ARTICLES of RELIGION. 

Including, among other Documents, the X Articles (1536), 
the XIU Articles (1538), the XLII Articles (1652), the 
XI Articles (1559), the XXXIX Articles (1562 and 1571), 
the Lambeth Articles (1595), the Irish Articles (1615), with 
Illustrations from the Symbolical Books of the Roman and 
Reformed Communions, and from other contemporary sources. 
By C. HARDWTLCK, M.A., FeUow and Chaplain of St. 
Catharine's Hall. 8vo. 10«. 6<^. 

A Discourse on the STUDIES of the UNIVER- 

SITY of CAMBRIDGE. By A. SEDGWICK. M.A., 
F.R.S., Fellow of Trinity College, and Woodwardian Pro- 
fessor, Cambridge. The Fifth Edition, with Additions and 
a copious Preliminary Dissertation. 8vo. 12a. 

PALMER'S ORIGINES LITURGIC^, an Ana- 

lysis of; or, Antiquities of the English Ritual; and of his 
Dissertation on Primitive Liturgies : for the nse of Students 
at the Universities, and Candidates for Holy Orders, who 
have read the Original Work. By W. BEAL, LL.D., 
F.S.A., Vicar of Brooke, Norfolk. 12mo. 3«. %d. 

The GREEK TESTAMENT: with a CriticaUy 

Revised Text ; a Digest of various Readings ; Marginal Re- 
ferences to Verbal and Idiomatic Usage ; Prolegomena ; and 
a Critical and Exegetical Commentary. For the use of 
Theological Students and Ministers. By H. ALFORD, 
M.A., Vicar of Wymeswold, Leicestershire, and late Fellow 
of Trinity College, Cambridge. Vol. I. £1 4«. 

Vol, IL in the Prets. 

Cambridge. 
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Annotations on the ACTS of the APOSTLES. 

Designed principally for the use of Candidates for the Or- 
dinary B.A. Degree, Students for Holy Orders, &c., with 
CoUege and Senate-House Examination Papers. By T. K. 
MASKEW, M.A., of Sidney Sussex College, Cambridge; 
Head Master of the Grammar School, Dorchester. Second 
Edition, enlarged. 12mo. 5«. 

ALTAR SERVICE. With the Rubrics, &c., in 

Red. Bx>yal 4to. In Sheets, 12«.; calf, lettered and Re- 
gisters, 1/. 1». BIBLES, PRAYER-BOOKS, & CHURCH 
SERVICES, printed at the University Press, in a variety 
of Bindings. 



By the Rev. J. J. BLUNT, B.B., 

Margaret Profeuor of Divinity. 

FIVE SERMONS, Preached before the University 

of Cambridge. The first four in November 1845, the fifth 
on the General Fast-Day, Wednesday, March 24, 1847. 

8vo. 5<. 6cf. 

FOUR SERMONS, Preached before the University 

of Cambridge in November 1849. 

1. The Church of England, Its Communion of Saints. 

2 Its Title and Descent. 

3 Its Text the Bible. 

4 Its Conmientary the Prayer Book. 

8vo. 5», 

FIVE SERMONS, Preached before the University 

of Cambridge: the first four in November, 1851; the fiffch 
on March ihe 8th, 1849, being the Hundred and Fiftieth 
Anniversary of the Society for Promoting Christian Know- 
ledge. 8vo. 5<. ^* 

BURNEY PRIZE for the Year 1848. 

By I. TODHUNTER, M.A., FeUow of St. John's College, 
Cambridge. 8vo. 4». 

BURNEY PRIZE for the Year 1849. 

By A. J. CARVER, B.A., Fellow and Classical Lecturer 
01 Queens' College, Cambridge. 8vo. 4*. 

SANCTI PATRIS NOSTRI JOANNIS CHRY- 

SOSTOMI Homiliae in Matthaeum. Textum ad fidem 
codicum MSS. et versionem emendavit, prsecipuam lectionis 
varietatem adscripsit, annotationibus ubi opus erat, et novis 
indicibus instruxit F. FIELD, A.M., Coll. SS. Trin. Socius. 

3 vols. 8vo. 2U 2«.; laboe paper, U, 4«. 

John Deighton* 
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Bp. BUTLER'S Three SERMONS on HUMAN ' 

NATURE, and Dissertation on Virtue., Edited by W. 
WHEWELL, D.D., Master of Trinity College, Cambridge. 
With a Preface and a Syllabus of the Work. 2nd Edition. 

Fcp. 8vo. 3«. 6rf. 

Bp. BUTLER'S Six SERMONS on MORAL 

SUBJECTS. A Sequel to the " Three Sermons on Human 
Nature.'* Edited by W. WHEWELL, D.D., with a Pre- 
face and a Syllabus of the Work. Fcp. 8vo. 3«. 6<i. 

ACADEMIC NOTES on the HOLY SCRIP- 
TURES. '^First Series, By J. R. CROWFOOT, B.D., 
Lecturer on Divinity in King's College, Cambridge; late 
Fellow and Lecturer on Divinity in Gonville and Caius 
College. 8vo. 2«. 6rf. 



CHRISTIAN ADVOCATE'S PUBLICATIONS. 
By W. H. MILL, D.D., 

, Begins Professor of Hebrew. 

For the Yea/r 1 840. Ohseroatiom on tJie attempted Appli- 
cation of Pantheistic Principles to the Theory and Historic 
Criticism of the Gospel. Part I. On the Theoretic Appli- 
cation. 8vo. 68, 6d. 

For the Tear 1841. The Historical Character of St. 
Luke's first Chapter, Vindicated against some recent Mythical 
Interpreters. 8vo. 4*. 

For the Tear 1842. The Evangelical Accounts of the 
Descent and Parentage of the Saviour, Vindicated against 
some recent Mythical Interpreters. 8vo. 4«. 

For the Tear 1843. The Accounts of our Lord's Brethren 
in the New Testament^ Vi|^cated against some recent 
Mythical Interpreters. • 8vo. 4*. 

For the Tear 1844. The Historical Character of the Cir- 

cumstances of our Lord's Nativity in the Gospel of St. 
Matthew, Vindicated against some recent Mythical Inter- 
preters. 8vo. 4«. 



For the Tear 1851. On Scripture : its Intention, Authority, 
\ and Inspiration. By J. A. FRERE, M.A., Fellow and 

Tutor of Trinity College, Cambridge. 8vo. sewed, 4«. 

Cambridge. 
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The GOSPEL according to St. MATTHEW, and 

part of tlie fint Chapter of the Gospel according to St. Mark, 
translated into English firom the Greek, with original Notes* 
&c. Bj Sir J. CHEKE, formerly Begins Pzoiiessor of Greek 
aud Public Orator in the UniTcnitj of Cambridge. By 
J. GOODWIN, B.D., Fellow and Tutor of Corpus Christi 
CoUege, Cambridge. 8vo. 7«. 6</. 

PARISH SERMONS. First and Second Series. 

By the Ber. H. GOODWIN. M.A., Ute Fellow of GonTille 
and Cains CoU^e, Cambridge. 12mo. 6«. each. 

CONFIEMATION DAY; being a Book of In- 

struction lor Young Posons how they ought to spend that so- 
lemn Day, on which they renew the tows of their Baptism, and 
are confirmed by the Bishop w ith P rayer and laying on of 
hands. By the Rev. H. GOODWIN, M.A., Ute Fellow of 
Gonville and Cains College, and Minister ci St. Edward's, 
Cambridge. Price M. tewed; M. ttiff wrappen, 

EXAMINATION QUESTIONS and ANSWERS 

on Butler's Analogy. By the Rev. Sir G. W. CBAXJFURD, 
Bart., K.A., late Fellow of King's College, Cambridge. 
Third Edition. 12mo. U.M. 

ECCLESIJE ANGLICANiE VINDEX CATHO- 

LICUS, siye Articulorum Ecclesis Anglicans cum Scriptis 
SS. Patrum nova Collatio, cura G. W. HARVEY, A.M., 
Coll. Regal Sodi. 3 vols. 8vo. \2m, each. 

ROMA RUIT: The Pillars of Rome Broken. 

Wherein all the several Pleas of the Pope's Authority in. 
England are Revised and Answered. By F. FULLWOOD, 
D.D., Archdeacon of Totness in Devon. Edited, with ad- 
ditional matter, by C. HARDWICK, M.A., FeUow of St. 
Catharine's Hall, Cambridge. 8vo. 10<. M, 

LECTURES in DIVINITY. DeKvered in the 

XTniversity of Cambridge. By J. HEY, D.D., as Norrisian 
Professor firom 1780 to 1795. 3rd Edition. 2 vols. 8vo. I/.IO*. 

SOME POINTS of CHRISTIAN DOCTRINE, 

considered with reference to certain Theories recently put 
forth by the Right Honorable Sir J. STEPHEN, K:.C.B., 
LL.D.,' Professor of Modem History in the University of 
Cambridge. By W. B. HOPKINS, Fellow and Tutor of 
St. Catharine's Hall, Cambridge. 8vo. Zt. 6d. 

John Deighton, 
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HULSEAN ESSAYS :— For the Year 1845. By 

the Rev. C. BABINGTON, M.A., FeUow of St. John's Col- 
lege, C|unbridge. '8vo. 6«. — For the Year 1846. By the 
Rev. A. M. HOARE, M.A., Fellow of St. John's CoUege, 
Cambridge. Svo. 3*. 6d. — For the Year 1847. By the Rev. . 
C. P. SHEPHERD, M.A., Magdalene College,' Cambridge. 
8vo. 35.— -For the Year 1849. By S. TOMKINS, B.A., 
Catharine Hall, Cambridge. Svo. Is, 6d, 

HULSEAN LECTURES, 1851.— The Preparation 

for the Gospel, as exhibited in the History of the Israelites. 
By the Rev. (>. CURREY, B.D., Preacher at the Charter- 
house, and Boyle's Lecturer, formerly Fellow and Tutor of 
St. John's College, Cambridge. 85. 

PR^LECTIONES THEOLOGICjE: Par^neses, 

et Meditationes in Psahnos IV., XXXII., CXXX. Ethico- 
Criticae R. LEIGHTON, S.T.P. Editio nova, iteium re- 
censente J. SCHOLEFIELD, A.M., Grsec. Lit. apud Cant. 
Prof. Regio. Svo. 8«. 6d» 

The DOCTEINE of the GREEK ARTICLE 

applied to the Criticism and Illustration of the New Testa- 
ment. By the late Right Rev. T. F. MIDDLETON, D.D., 
Lord Bishop of Calcutta. "With Prefatory Observations and 
Notes. ByH. J. ROSE, B.D. Svo. 13«. 

By W. H. MILL, D.D. 
FIVE SERMONS on the TEMPTATION of. 

Christ our Lord in the Wilderness, Preached before the 
University of Cambridge in Lent 1844. Svo. 6a. 6rf. 

SERMONS preached in Lent 1845, and on several 

former occasions, before the University of Cambridge. 

Svo. 12s. 

FIVE SERMONS on the NATURE of CHRIS- 
TIANITY, preached in Advent and Christmas-Tide 1846, 
before the University of Cajnbridge. Svo. 7«. 

FOUR SERMONS preached before the University 

of Cambridge, on the Fifth of November, and the three 
Sundays preceding Advent, in the year 1848. Svo. da, 6d, 

An ANALYSIS of the EXPOSITION of the 

CREED, written by the Right Reverend Father in God, 
J. PEARSON, D.D., late Lord Bishop of Chester. Com- 
piled, with some addkional matter occasionally intentpersed, 
for the use of the iludents of Bishop's College, Calcutta. 
Second Edition, revised and corrected. Svo. 6s, 

Cambridge. 
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THE THIRTY-NINE ARTICLES, Testimonies 

and Authorities, Bivine and Human, in Confirmation ofl 
Compiled and arranged for the use of Students. By the 
Rev. R. B. P. KIDD, M.A. 8vo. 10«. 6d. 

NORRISIAN ESSAYS:— For the Year 1843. 

By the Rev. J. WOOLLEY, M.A., of Emmanuel College, 
Cambridge. 8vo. 2«.— For the Year 1844. By the Rev. J. 
WOOLLEY, M.A. 8vo. 2*.— For the Year IS46. By 
J. H. JONES, B.A., of Jesus College, Cambridge. 8vo. 
2«. 6rf.— For the Year 1848. By the Rev. J. HAVILAND, 
B.A., of St. John's College, Cambridge. 8vo. 2*. 6rf. — For 
the Year 1849. By the Rev. R. WHITTINGTON, B.A., 
of Trinity College, Cambridge, 8vo. 4a. M, 

LE BAS PRIZE for 1850.— The Political Causes 

which led to the Establishment of British Sovereignty in 
India. By A. H. JENKINS, M,A., of Christ's CoUege, 
Cambridge. 8vo. 2«. 

LEXICON to the NEW TESTAMENT, a Greek 

and English. To which is prefixed a plain and easy Greek 
Grammar, adapted to the use of Learners. By J. rARK- 
HURST, M.A. With Additions by the late fl. J. Rose. 
A New Edition, carefuUy revised. By J. R. MAJOR, D.D., 
King's College, London, 8vo. 21«. 

Bp. PEARSON'S FIVE LECTURES on the Acts 

of the Apostles and Annals of St. Paul. Edited in English, 
with a few Notes, by J. R. CROWFOOT, B.D., Divinity 
Lecturer of King's College, Cambridge, late Fellow and 
Divinity Lecturer of Gonville and Caius College, &c. &c. 

Crown 8vo. 4s. 

The BOOK of SOLOMON called ECCLESIASTES. 

The Hebrew Text, and a Latin Version with Notes, Philo- 
logical and Exegetical. Also a literal Translation from, 
the Rabbinic of the Commentary and Preface of R, Moses 
Mendleasohn. By T. PRESTON, M.A., FeUow of Trinity 
College, Cambridge. 8vo. 15*. 

HOR^ HEJBRAIC-E. Critical Observations on 

the Prophecy of Messiah in Isaiah, Chap, ix., and on other 
Passages of the Holy Scriptures. By the Rev. W. SELWYN, 
M.A., Canon of Ely. 4to. 8*. 

A Treatise on MORAL EVIDENCE, illustrated 

by numerous Examples, both of general Principles and of 
Specific Actions. By E. A. SMEDLEY, M.A., late Chap- 
lain of Trinity College, Cambridge. 8vo. 7«. 6d. 

John Deighton, 
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TAYLOR'S (Bp. Jeremy) WHOLE WORKS, 

With Life by Heber. Revised and corrected. By tlie Rev. 
C. P. EDEN, M.A., Fellow of Oriel CoUege, Oxford. 

To be completed in 10 vols. 8vo., 10«. 6d, each. 



The GREEK TESTAMENT, with English Notes. 

By the Rev. E. BURTON, D.D. Fourth Edition, revised ; 
with a new Index. 10«. 6c?, 



The Apology of TERTTLLIAN. With English 

Notes and a Preface, intended as an Introduction to the Study 
of Patristical and Ecclesiastical Latinity. Second Edition. 
By H. A. WOODHAM, LL.D., late Fellow of Jesus College, 
Cambridge. 8vo. 8s. 6d. 



OBSERVATIONS on Dk. WISEMAN'S REPLY 

to Dr. Turton's Roman Catholic Doctrine of the Eucharist 
Considered. By the Right Rev. Dr. TURTON, Lord Bishop 
of Ely. 8vo. 4s, 6d, 



SERMONS preached in the Chapel of Trinity Col- 
lege. Cambridge. By W. WHEWELL, D.D., Master of 
the College. 10«. 6rf. 



The FOUNDATION of MORALS, Four Sermons 

on. By W. WHEWELL, D.D. 8vo. 3a. 6rf. 



An ILLUSTRATION of the METHOD of 

Explaining the New Testament by the early Opinions of 
the Jews and Christians concerning Christ. ' By the Rev. 
W. WILSON, M.A., late Fellow of St. John's CoUege, 
Cambridge. New Edition. 8vo. 8*. 
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FOLIOEUM SILTOLA : r> Selection ( 

for TraiiBU.tioii into Ciceek and Latiii Verse, mainly &om 



Trinity College, Cambridge. 



FOLIORUM CENTURI-^. SelectioiiB for Trans- 

Iiition into Latin and Greek Prose, chiefl-y from the Uni- 
-versity and Coll»e Ezaminatioii Papers. By the R«t. 
H. A. HOLDEN. M.A. Post 8vo. 7>. 



^SCHYLUS— TEAGKEDI^. Eecensuit, emea- 

davit, explanaTit, et brevibua Notia instruxit F. A. PAJ.EY, 
A.M., olua Coll. Dir. Johan. Cuit. 2 toU. Svo. II. it. 



Oreateia. (Agam 

Choephwi, £umenides) 7 i 

AgamemnoQ 4 t 

CEoephoti 3 1 

Eumeoides 3 1 



Prometheus Vinctus . . . 
Septem contra Hebaa, e 

rrsgmenta 

Supplioes 



.^SCHYLUS— PROMETHEUS VINCTUS. 

The Text of DINDOKF, with Notes compUed and abridged 
by J. GRIFFITHS, A.M., Fellow of Wadham CoUege, 
Oxford. Sto. 6s. 



jESCHTLUS— EUMENIDES. 

Eecensuit et aiiwtraTit J. SCHOLEFIELD, A-M.. 



PASSAGES in PEOSE and VERSE from 
ENOIjISH authors for Translation into Greek and 
Ladn ; together with selected Passages &oin Greek and 
Ladn Authors for Translation into Enelish : forming a re- 
gular course of Exercises in Claasical Composition. By 
the Rev. H. ALFORD, M.A„ Vicar of Wymeswold, late 
Fellowofl^iaitf College, Cambridge. Svo. 9t. 

• JobB Deigbton, 
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GEMS of LATIN POETEY, With Translations, 

selected and illustrated by A. AMOS, Esq., Author of the 
great Oyer of Poisoning, &c. &c. Svo. 12«. 

ARISTOTLE, a Life of: including a Critical Dis- 

cussion of some Questions of literary History connected 
with his Works. By J. W. BLAKESLEY, M.A., late 
Fellow and Tutor of Trinity College, Cambridge. 

8vo. 84. 6d. 



rnEPIAHS KATA AHMO20ENOT2. The Ora- 
tion of Hyperides against Demosthenes, respecting the 
Treasure of Harpalus. The Fragments of the Greek Text, 
now first Edited from the Facsimile of the MS. discovered 
at Egyptian Thebes in 1847 ; together with other Fragments 
of the same Oration cited in Ancient Writers. With a Pre- 
liminary Dissertation and Notes, and a Facsimile of a por- 
tion of the MS. By C. BABINGTON, M.A., FeUow of 
St. John's College, Cfimbridge. 4to. 6«. 6d, 



ARUNDINES CAMI. Sive Musarum Cantabri- 

giensium Lusus Canori ; coUegit atque edidit H. DRXJItY» 
A.M. Editio quarta. 8to. 12«. 



DEMOSTHENES DE FALSA LEGATIONS; 

A New Edition, with a careful revision of the Text, Anno- 
tatio Critica, English Explanatory Notes, Philological and 
Historical, and Appendices. By R. SHILIiETO, M.A., 
Trinity College, Cambridge. Svo. 10«. 6d, 



DEMOSTHENES, Translation of Select Speeches 

of, with Notes. By C. R. KENNEDY, M.A., Trinity 
College, Cambridge. l*2mo. 9^. 



VARRONL^US. A Critical and Historical In- 

troduction to the Philological Study of the Latin Language. 
By the Rev. J. W. DONALDSON, D.D., Head-Master of 
Biiry School, and formerly Fellow of Trinity CoUege, Cam- 
bridged 

This yew Sditiouj which has been in preparation for sereral years, will 
be oarefally revised, and will be expanded so as to contain a complete 
account of the Ethnography of ancient Italy, and a ftdl inTestigation 
of all the most difficult questions in Latin Grammar and Etymology. 

Cambridge. 
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EUEIPIDIS TEAGCEDI^ Priotes Quatuor, ad 

fidem Manuscriptorum emendatse et brevibus Notls emen- 
dationum potissimum rationes reddentibus instructse. Edidit 
R. PORSON, A.M., &c., recensiiit suasque notiilas subjecit 
J. SCHOLEFIELD. Editio Tertia. 8vo. lOs. 6c?. 

TITUS LIVIUS, with English Notes, Marginal 

References, and various Readings. By C. W. STOCKER, 
D.D., late Fellow of St. John's College, Oxford. Vols. I. 
and II., in 4 Parts, 12^. each. 

GREEK TRAGIC SENARII, Progressive Exer- 

cises in, followed by a Selection from the Greek Verses of 
Shrewsbury School, and prefaced by a short Account of the 
Iambic Metre and Style of Grreek Tragedy. By the Rev. 
B. H. KENNEDY. D.D., Prebendary of Lichfield, and 
Head- Master of Shrewsbury School. For the use of Schools 
and Private Students. Second Edition, altered and revised. 

8vo. 8f. 



The DIALOGUES of PLATO, Schleiermacher's 

Introductions to. Translated from the German by W. 
DOBSON, A.M.. Fellow of Trinity College, Cambridge. 

8vo. I2s, 6d, 



M. A. PLAUTI AULULAEIA. Ad fidem Codi- 

cum qui in Bibliotheca Musei Britannici exstant aliorumque 
nonnullorum recensuit, Notisque et Glossario locuplete in- 
struxit J. HILDYARD, A.M., Coll. Christi apud Cantab. 
Socius. Editio altera. 8vo. 7^. Qd. 

M. A. PLAUTI MENiECHMEI. Ad fidem Co- 

dicum qui in Bibliotheca Musei Britannici exstant aliorum- 
que nonnullorum recensuit, Notisque et Glossario locuplete 
instruxit, J. HILDYARD, A.M., etc. Editio altera. 

8vo. 7«. 6rf. 

PHILOLOGICAL MUSEUM. 2 vols. 

8vo. reduced to 10s. 

SOPHOCLES. With Notes Critical and Explana- 

tory, adapted to the use of Schools and Universities. By 
T. MITCHELL, A.M., late FeUow of Sidney Sussex Col- 
lege, Cambridge. 2 vols. 8vo. 1^. 8*. 

Or the Plays separately^ 6s, eacK 

John Deighton, 
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PEOPEETIUS. With English Notes. 

By F. A. PALEY, Editor of -.Escliylus. Preparing. 



COKNELII TACITI OPERA. Ad Codices an- 

tiqtLissimos exacta et emendata, Commentario critico et 
exegetico illustrata. Edidit F. RITTER, Prof. Bonnensis, 
4 vols. 8vo. 1/. 8«. 

A few copies printed on thick Vellmn paper, imp. 8yo. 4Z. 4«. 



The THEATEE of the GKEEKS. A series of 

Papers relating to the History and Criticism of the G-reek 
Drama. With a new Introduction and other alterations. 
By J. W. DONALDSON, D.D., Head-Master of Bury 
St. Edmund's Granunar School. Sixth Edition. 8to. \5s. 



THEOCRITUS. Codiciun Manuscriptonim ope 

recensuit et emendavit C. WORDSWORTH, S.T.P., Scholap 
Harroviensis Magister, nuper Coll. SS. Trin. Cant. Socius 
et Academise Orator Publicus. Syo. 13«. 6(^. 

A few copies on laroe fapbs. 4to. 1/. 10^. 



THUCYDIDES. The History of the Peloponnesian 

War : illustrated by Maps taken entirely from actual Surveys. 
With Notes, chiefly Historical and Geographical. By T. 
ARNOLD, D.D. Third Edition. 3 vols. Svo. 1/. 10«. 



THUCYDIDES. The History of the Pelopomiesiaa 

War: the Text of ARNOLD, with his Argument. The 
Indexes now first adapted to his Sections, and the Oreek 
Index greatly enlarged. By the Rev. R. P. G. TIDDEMAN, 
M.A., of Magdalene College, Oxford. Svo. 12», 
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LECTURES on the HISTORY of MORAL 

PHILOSOPHY in England. Bj W. WHEWELL, D.D.. 
Master of IVinity College, Cambridge. 8yo. Bs. 

THUCYDIDES or GROTE? By Richard 

SHILLETO, M.A., of Trinity College, and Classical Lee- 
turer of King's College, Cambridge. 8yo. 2s, 

A FEW REMARKS on a Pamphlet by Mr. 

Shilleto, entitled " THUCYDIDES or GROTE ?" 2». 6d. 



The HISTORY of the JEWS in SPAIN, from the 

time of tbeir Settlement in that country till the Commence- 
ment of the present Century. Written, and illustrated with 
divers extremely scarce Documents, by DON ADOLPHO 
DE CASTRO. Cadiz. 1847. 

Translated by the Rev EDWARD D. G. M. KIRWAN, 
M. A., Fellow of King's College, Cambridge. Crown 8yo. 6s, 

The QUEEN'S COURT MANUSCRIPT, with 

other Ancient Poems, translated out of the orlffinal Slavonic 
into English Verse, with an Introduction and Notes. By 
A. H. WRATISLAW, M.A., Fellow and Tutor of Christ's 
College, Cambridge. Fcap. 8vo. 4«. 



On the EXPEDIENCY of ADMITTING the TES- 

TIMONY of Parties to Suits in the New County Courts and 
in the Courts of Westminster HaU. To which are appended, 
General Remarks relative to the New County Courts. By 
A. AMOS, Esq., Judge of the County Courts of Marylebone, 
Brompton, and Brentford, Downine Professor of Laws in 
the University of Cambridge, late Member of the Supreme 
Council of India. 8vo. 3s, 

The LAWS of ENGLAND, An Introductory 

Lecture on, delivered in Downing College, Cambridge, Oc- 
tober 23, 1850. By A. AMOS, Esq., Downing Professor of 
the Laws of England. 8vo. Is, 6d, 

John Oeighton, 
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Miscellaneous Works. 23 

HISTORY of ROME. ByT. Aenold, D.D., late 

Kegius Professor of Modem History in the University of 
Oxlbrd. 3 vols. 8vo. Vol. I., I6a,; Vol. II., 18*.; Vol. III., 
14«. 



HISTORY of the LATE ROMAN COMMON- 

WEALTH, from the end of the Second Punie War, to the 
Death of Julius Csesar, and of the Keign of Augustus ; with 
a Life of Trajan. By T. ARNOLD, D.D., &c. 2 vols. 

8vo U.S8, 



Mr. MACAULAY'S Character of the CLERGY 

in the latter part of the Seventeenth Century Considered. 
With an Appendix on his Character of the Gentry as given 
in his History of England. By C. BABINGTON, M.A., 
Pellow of St. John's College, Cambridge. 8vo. 4«. 6d, 



CAMBRIDGE UNIVERSITY ALMANAC for 

the Year 1852. Embellished with a Line Engraving, by 
Mr. E. CHALLIS, of a View of the Interior of Trinity 
CoUege Library, from a Drawing by B. BUDGE. (Con- 
tmued AnnttaUy,) 4*. 6d. 



DESCRIPTIONS of the BRITISH PALEOZOIC 

FOSSILS added by Professor Sedgwick to the Woodwardian 
Collection, and contained in the Geological Museum of the 
University of Cambridge. With Figures of the new and 
imperfectly known Species. By F. M'COY, Professor of 
Geology, &c.. Queens College, Belfast ; AuUior of '* Car- 
boniferous Limestone Fossils of Ireland," ** Synopsis of the 
Silurian Fossils of Ireland." Part I. 4to. 

GRADUATI CANTABRIGIENSES : sire Cata- 

logus eorum quos ab anno 1760 usque ad 10<° Octr. 1846, 
Gradu quocunque omavit Academia. Curit J. ROMILLT, 
A.M., Coll. Trin. Socii atque Academise Registrarii. 

8vo. 10». 

MAKAMAT; or Rhetorical Anecdotes of Hariri 

of Basra, translated from the Arabic into Eng lish P rose and 
Verse, and illustrated with Annotations. By THEODORE 
PRESTON, M.A., Fellow of Trinity College, Cambridge. 

Royal 8vo. 18«.; large paper, 1/. 4«. 

Cambridge. 
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